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ABSTRACT: This is the third paper in a series of papers that are intended to provide a 
comprehensive coverage of the concepts of formex configuration processing and their 
applications in relation to structural configurations. In the present paper, the attention is 
focused on structural forms that are based on hyperbolic paraboloidal, hyperboloidal and 
annular surfaces. It is shown that these categories of structural forms include many 
exciting possibilities for lattice and shell structures. The paper also includes sections on 
structural forms that may be obtained from combinations of simpler forms or through 
certain composite transformations that are called paragenic transformations. 
3.1 INTRODUCTION 
Formex configuration processing provides a 
powerful medium for the processmg of 
configurations of all kinds. Formex configuration 
processing uses the concepts of formex algebra 
through the programming language Formian to 
generate and process configurations. The preliminary 
concepts and ideas of formex configuration 
processing are described in the first paper in this 
series of papers, Ref 1. Also included in the first 
paper are a number of examples of configuration 
processing for simple grids, barrel vaults and domes. 
The second paper in the series (Ref 2) deals with the 
configuration processing of a number of families of 
space structures, namely, pyramidal forms, towers, 
foldable systems and diamatic domes. The second 
paper also includes a section on 'information 
transfer' and an Appendix on basic formex functions. 
The section on information export describes the 
manner in which the information about the details of 
a configuration, generated by the programming 
language Formian, can be exported to graphics, 
draughting and structural analysis packages. 
The material in the present paper is highly dependent 
on the initial two papers in the series and, therefore, 
the reader should be thoroughly familiar with the 
material of Refs I and 2 before attempting to study 
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the present paper. For further information and 
downloading of Formian visit: 
http://www.surrey.ac.uk/CivEng/research/ssrc/ 
3.2 HYPERBOLIC 
PARABOLOIDAL FORMS 
The hyperbolic paraboloid is a saddle-shaped surface 
that is frequently used for various shell and lattice 
structural forms. The formex formulation of some of 
these forms will be discussed in this section. To start 
with, consider the grid a perspective view of which 
together with a side view and plan is shown in Fig 
3.2.1. The grid consists of 144 beam elements that 
are rigidly connected together at 81 nodes. The nodal 
points of the grid lie on a hyperbolic paraboloidal 
surface. Also shown in Fig 3.2.1 is the global x-y-z 
coordinate system with the origin being at the 
'saddle point' of the hyperbolic paraboloidal surface. 
The hyperbolic paraboloid is a 'ruled surface'. That 
is, it can be generated by a moving straight line. 
Actually, the hyperbolic paraboloid is a 'doubly 
ruled surface'. That is, it can be generated by straight 
lines in two directions. For the hyperbolic 
paraboloidal surface in Fig 3.2.1, the two 'ruling 
directions' correspond to the x and y directions. This 
implies that all the nine 'beam lines' that are parallel 
to the x-axis in plan, such as A l-A2 and A3-A4, are 
J 
straight lines in space and so are the nine beam-lines 
that are parallel to the y-axis in plan, such as A I-A3 
and A2-A4. 
A1 
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'hyperbola' (and thus the name 'hyperbolic 
paraboloid'). The intersections of the hyperbolic 
paraboloidal surface of Fig 3.2.1 with vertical planes 
along AI-A4 and A2-A3 are shown in Fig 3.2.2. 
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Fig 3.2.2 Intersections of planes containing the z-axis 
perspective view with the hyperbolic paraboloidal surface 
along A1-A4 and A2-A3 in Fig 3.2.1 
s 
o 
~ 
o 
,..., 
II 
:r: 
A1 A4 
A side view 
A2 A3 
Ln 
co 
N 
o 
co 
N 
N 
II 
.....:I 
I_ L=22.80 ill (8 divisions @ 2.85 ill) "I 
A 1 
A2 
x 
Plan 
A3 
A4 
Fig 3.2.1 A hyperbolic paraboloidal grid 
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In contrast, any line on the surface of the hyperbolic 
paraboloid that is not along one of the two ruling 
directions will be a 'curved line'. More specifically, 
the intersection of the hyperbolic paraboloidal 
surface with any plane that contains the z-axis will 
be a 'parabola' and the intersection of the surface 
with any plane that is normal to the z-axis will be a 
2 
The equation of the hyperbolic paraboloidal surface 
of Fig 3.2.1, with respect to the indicated x-y-z 
coordinate system is 
z = 2pxy 
where p is referred to as the 'pitch' and is given by 
p=H/e 
where H is the difference in heights of the comers of 
a 'central square' (in plan) and L is the length of one 
side of the central square (in plan). The pitch is a 
measure of the degree of 'twist' of the hyperbolic 
paraboloid and has the dimension (lengthr'. 
The most convenient reference system for formex 
formulation of a hyperbolic paraboloidal 
configuration, such as the grid of Fig 3.2.1 , is a 
normat of the form shown in Fig 3.2.3. This is a 
'hyperbolic paraboloidal normat' whose UI , U2 and 
U3 axes are coincident with the x, y and z global 
coordinate axes with the graduations along UI, U2 
and U3 chosen to suit the configuration of the grid . 
The grid configuration, a part of which is shown by 
thick lines in Fig 3.2.3, is then formulated in terms of 
the graduations along UI and U2, assuming that all 
the nodal points of the grid are on a hyperbolic 
paraboloidal surface whose saddle point is at the 
origin and whose ruling directions are along the 
dotted 'normat lines'. Actually, the normat has 
infinitely many such hyperbolic paraboloidal 
surfaces each of which corresponds to a value of U3 . 
These surfaces are parallel to each other and have the 
same pitch. However, in the present example, the 
grid to be formulated requires a single surface and 
this is taken to be the one that corresponds to U3 = O. 
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Fig 3.2.3 A hyperbolic paraboloidal normat 
A formex representing the grid of Fig 3.2.1, relative 
to the normat of Fig 3.2.3, may be written as 
E = rinid(S,9,1 ,1) 1[-4,-4,0; - 3,-4,0]# 
rinid(9,S,1,1) 1[-4,-4,0; -4,- 3,0] 
In this formulation 
• [-4,-4,0; - 3,-4,0] 
represents the beam element e 1 shown in Fig 
3.2.3 , 
• rinid(S ,9,1,1) 1[-4,-4,0; -3,-4,0] 
represents all the beam elements of the grid that 
are in the Ul direction, 
• [-4,-4,0; -4,-3,0] 
represents the beam element e2 in Fig 3.2.3 and 
• rinid(9,S, I,I) 1[-4,-4,0; -4,- 3,0] 
represents all the beam elements of the grid that 
are in the U2 direction. 
The constructs 
rinid(S,9,1,1) and rinid(9,S,I,I) 
are rinid functions effecting translational replications 
in the UI and U2 directions. Many examples of the 
application of the rinid functions are found 
throughout Refs 1 and 2. 
The above formex variable E represents the 
'compret' of the configuration of the grid of Fig 
3.2.1. That is, E provides complete information 
about the elements of the configuration and the 
manner in which they are connected together (See 
Sections 1.2 and 1.4.4 of Ref I regarding the concept 
of compret). However, the information represented 
by E is relative to the UI-U2-U3 coordinates of the 
hyperbolic paraboloid normat of Fig 3.2.3. A formex 
representing the configuration of the grid of Fig 
2.3.1 relative to the x-y-z Cartesian global coordinate 
system is given by 
G = bhp(2.S5 ,2.S5, I ,p) I E 
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The construct 
bhp(2.S5,2.S5, l ,p) 
is a 'basihyperbolic paraboloidal retronorm' where 
the prefix 'basi' , as usual, implies that the 
graduations along UI , U2 and U3 axes are uniform 
and where the canonic parameters 2.S5, 2.S5 and 1 
are factors for scal ing along U I , U2 and U3 
directions, respectively, and p is the pitch. The 
number 2.S5 is simply the length of a beam element 
in plan, as shown in Fig 3.2.1 and 
p = HlL2 = 10.4 /22.S2 = 0.02 m·1 
The general form of the basihyperbolic paraboloidal 
retronorm is described in Fig 3.2.4. 
bh p (b 1 , b 2, b 3, P ) 
l L L pitch factor for scaling in the third direction factor for scaling in the second 
direction 
factor for scaling in the first direction 
abbreviation for basihyperbolic paraboloidal 
Fig 3.2.4 Basihyperbolic paraboloidal retronorm 
The role of the bhp retronorm is to transform the U 1-
U2-U3 coordinates into x-y-z coordinates using the 
relations 
x = bl UI 
Y = b2U2 
z = b3 U3 + 2 P x Y 
where b I, b2, b3 and p are as described in Fig 3.2.4 
and where the term 2pxy is obtained from the 
equation of the hyperbolic paraboloid, namely, 
z = 2pxy 
It is seen that the actual x-y-z nodal coordinates of 
the grid of Fig 3.2.1 are obtained through the bhp 
retronorm. Therefore, at the stage of formulating the 
compret of the configuration with respect to the 
norm at of Fig 3.2.3, one is free to choose the 
graduations along Ul and U2 for convenience in the 
formulation without any regard to the actual 
dimensions of the grid. Also, the pitch of the normat 
surfaces is arbitrary. That is, the formulation of the 
compret relative to the hyperbolic paraboloidal 
normat is independent of the value of the pitch. So, 
the pitch may be imagined to have any value 
including zero. With the pitch taken as zero, a 
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hyperbolic paraboloidal nonnat will then be like a 
simple Cartesian-type nonnat. 
The concept of a nonnat plays a central role in 
fonnex configuration processing. A nonnat is a 
'tailor-made' reference system for a class of 
configurations and provides a convenient coordinate 
system for the fonnulation of that class of 
configurations. The hyperbolic paraboloidal nonnat 
discussed in this section is one of several types of 
nonnats that have been found to be valuable in 
configuration processing. Some of these nonnats 
have been introduced before. Included in these are 
the cylindrical nonnat (Section 1.8 of Ref 1 and 
Section 2.3 of Ref 2), spherical nonnat (Section 1.9 
of Ref 1) and diamatic nonnat (Section 2.5 ofRef2). 
Also, some other types of nonnats will be introduced 
later in the discourse. 
Returning to the example of the hyperbolic 
paraboloidal grid of Fig 3.2.1, a generic Fonnian 
scheme for the grid is shown in the editory display of 
Fig 3.2.5 . The adjective 'generic' refers to a 
fonnulation that involves one or more parameters, 
see Section 1.4.6 of Ref 1. Also, see Sections 1.3.3 
and 1.5 of Ref 1 for descriptions of a Fonnian 
scheme and an editory display. 
(*) Grid of Fig 3.2.1 (*) 
M=8; (*) frequency (*) 
L=22.80; (*) edge length (*) 
H=10.40; (* ) height (*) 
p=H/(L'" 2); (*) pitch (* ) 
E=rinid(M,M+ 1,1,1) I 
[-M/2 ,-M/2,0; I-M/2 ,-M/2,Oj# 
rinid(M+l ,M, 1,1) I 
[-M/2 ,-M/2,0; -M/2, 1-M/2,Oj; 
G=bhp(L/M,L/M,l,p) IE; 
use &,vm(2),vt(2), 
vh(L,L/3 ,L, 0,0,0, 0,0,1); 
clear; draw G; 
<><><> 
Fig 3.2.5 A generic Formian scheme for the 
hyperbolic paraboloidal grid of Fig 3.2.1 
The fonnulation in the scheme of Fig 3.2.5 is a 
generic version of the above discussed fonnulation 
for the hyperbolic paraboloidal grid of Fig 3.2.1. The 
parameters involved in the scheme of Fig 3.2.5 are 
• M representing the ' frequency', that is, the 
number of beam elements along one side of the 
grid, 
• L representing the length of one side of the grid, 
• H representing the difference in the heights of 
the comers of one side of the grid and 
4 
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• p representing the pitch of the grid. 
The use statement in the scheme of Fig 3.2.5, that is, 
use &,vm(2),vt(2),vh(L,Ll3,L, 0,0,0, 0,0,1); 
has the effect of setting the viewing particulars for 
the perspective view of the grid in Fig 3.2.5, see 
Sections 1.5.2, 1.7.1 and 1.7.2 of Ref 1. Also, for a 
discussion of how to obtain the side view and the 
plan of the grid in Fig 3.2.1, see the end of Section 
2.30fRef2. 
The scheme of Fig 3.2.5 may be used to generate 
different variants of the hyperbolic paraboloidal grid 
of Fig 3.2.1 by changing the frequency M, edge 
length L and height H. An example is shown in Fig 
3.2.6 for which 
M= 14, L = 52m and H = 12m 
Also given in this figure is the view helm used to 
obtain the perspective view shown. 
M=14 
L=52 
H=1 2 
View helm: 
vh(L,-L,H, 0,0,0, 0,0,1) 
Fig 3.2.6 A hyperbolic paraboloidal grid obtained 
using the scheme of Fig 3.2.5 
The hyperbolic paraboloidal grid of Fig 3.2.1 may be 
replicated in various ways to obtain 'compound' 
hyperbolic paraboloidal grids. Examples of such 
compound fonns are shown in Fig 3.2.7. The 
compound grid of Fig 3.2.7a is obtained by a 
'rotational replication' of the grid of Fig 3.2.1 about 
a vertical line at point A4. 
A fonnex representing the compound grid of Fig 
3.2.7a may be written as 
GA = pex I rosad(L/2,L/2) I G 
where 
• G represents the grid of Fig 3.2.1 as given in the 
scheme of Fig 3.2.5, 
• rosad(L/2,L/2) 
is a rosad function effecting a rotational 
replication in the x-y plane about the point 
x=Ll2, y=Ll2, see Section 1.4.7 of Ref 1 and 
Section 2.A.5 ofRef2 and 
• pex is a pexum function that eliminates the 
superfluous overlapping beam elements along 
the 'ridge-valleys' in Fig 3.2.7a, see Section 
1.4.5 of Ref 1 and Section 2.A.7 ofRef2. 
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GA=pex I rosad(L/2,L/2) I G 
View helm: vh(3L,L/2,4H, 0,0 0, 0,0,1) 
GB=pex I rosad(L/2,-L/2) I G 
View helm: vh(-2L,-L/4,4H, 0,0 0, 0,0,1) 
GC=pex I rosad(3L/2,3L/2) I GA 
View helm: vh(7L,L,9H, 0,0 0, 0,0,1) 
Fig 3.2.7 Examples of compound hyperbolic 
paraboloidal grids 
The term 'ridge-valley' is used to refer to the line 
that goes from the centre of the grid to the middle of 
an edge because the line is like a ridge along half of 
its length and like a valley along the other half. 
The compound hyperbolic paraboloidal grid of Fig 
3.2.7a may be generated using the scheme of Fig 
3.2.5 by replacing the last three lines of the scheme 
by 
GA = pex I rosad(Ll2,Ll2) I G; 
use &,vm(2),vt(2), 
vh(3*L,Ll2,4*H, 0,0,0, 0,0,1); 
clear; draw GA; 
The compound hyperbolic paraboloidal grids of Fig 
3.2.7b and 3.2.7c may be generated using a similar 
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approach. In the case of the grid of Fig 3.2.7b, the 
configuration is represented by 
GB = pex I rosad(Ll2,- Ll2) I G 
and the view helm for obtaining the given 
perspective view is 
vh( - 2L,- Ll4,4H, 0,0,0, 0,0,1) 
In the case of the grid of Fig 3.2.7c, the 
configuration is represented by 
GC = pex I rosad(3L12,3L12) I GA 
and the view helm for obtaining the given 
perspective view is 
vh(7L,L ,9H, 0,0,0, 0,0,1) 
(b) Front perspective view 
(c) Side perspective view 
Fig 3.2.8 A trapezial hyperbolic paraboloidal grid 
Another example of a hyperbolic paraboloidal grid is 
shown in Fig 3.2.8. The grid has a trapezial shape in 
plan with a triangulated pattern. All the beam 
elements have the same plan length of 4.26 m and 
5 
thus the triangles in the plan view of the grid in Fig 
3.2.8a are all equilateral. The nodal points of the grid 
lie on a hyperbolic paraboloidal surface whose pitch 
is equal to 0.02 mol. Two perspective views of the 
grid are shown in Figs 3.2.8b and 3.2.8c. 
To formulate the compret of the configuration of the 
grid of Fig 3.2.8, it is convenient to start with a 
simple scaled version of the grid placed in the 
position shown in Fig 3.2.9 of a hyperbolic 
paraboloidal normat. 
-4 -
4-
6-
Ul(x) 
U3=0 
for all 
the nodes 
Fig 3.2.9 A hyperbolic paraboloidal normat for the 
formulation of the grid of Fig 3.2.8 
The compret of the configuration of the grid relative 
to the normat of Fig 3.2.9 may be written as 
E = genid(3,8,2;Y3,- I, 1) I {[- 2,0,0; -3;Y3,0], 
[-2,0,0; -1,"3,0], [-3,"3,0; - 1,"3,0]}# 
rin(1,2,2) I [-2,0,0; 0,0,0] 
In this formulation, the constructs 
genid(3,8,2,"3, -1,1) and rin(I,2,2) 
are genid and rindle functions that are used 
throughout Refs 1 and 2, in particular see Sections 
1.4.2 and 1.4.6 of Ref 1 and Sections 2.A.3 and 
2.A.4 of Ref 2. 
To obtain the correct orientation, the configuration 
of Fig 3.2.9 is to be rotated by 45°. This may be 
achieved by writing 
F = verad(0,0,--45) I E 
The construct 
verad(0,0,--45) 
is a verad function that effects a rotation of 45° in the 
UI-U2 plane about the origin. The angle of rotation 
is given with a negative sign since the rotation is 
from U2 towards Ul, see Section 2.A.5 ofRef2. 
6 
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The formex F represents the grid of Fig 3.2.8 relative 
to the hyperbolic paraboloidal normat of Fig 3.2.9. A 
formex representing the grid of Fig 3.2.8 relative to 
the global x-y-z coordinate system may be obtained 
as 
G = bhp(2.13,2.13,1,0.02) I F 
where 
bhp(2.13,2.13, 1 ,0.02) 
is a basihyperbolic paraboloidal retronorm, see Fig 
3.2.4. The factors for scaling in the Ul and U2 
directions are given as 2.13 . This value is obtained 
by dividing the plan length of the beam elements in 
Fig 3.2.8a (that is, 4.26 m) by the plan length of the 
elements in Fig 3.2.9 (that is, 2). 
A generic version of the above formulation for the 
hyperbolic paraboloidal grid of Fig 3.2.8 is given in 
terms of a Formian scheme in the editory display of 
Fig 3.2.10. 
(*) Trapezial grid of Fig 3.2.8 (*) 
M=2; (*) frequency of the beam 
elements along the back (*) 
N=8; (*) frequency of the beam 
elements along the sides (*) 
L=42.60; (*) length of front edge (*) 
P=0.02; (*) pitch (*) 
t=sqrtI3; b=L/(2*(M+N)); 
E=genid(M+1,N,2,t,-1,1) I 
{[-M,O,O; -l-M,t,O), [-M,O,O; 1-M,t,0), 
[-l-M,t,O; 1-M,t,0]}# 
rin(1,M,2) I [-M,O,O; 2-M,0,0); 
F=verad(0,0,-45) IE; 
G=bhp(b,b,l,P) IF; 
use &,vm(2J,vt(2J, 
vh(4*N,4*N,6*N, 0,0,0, 0,0,1); 
clear; draw G; 
<><><> 
Fig 3.2.10 A generic Formian scheme for the 
trapezial grid of Fig 3.2.8 
The manner in which the pitch of a hyperbolic 
paraboloidal surface may be specified requires some 
explanation at this point. The pitch of the hyperbolic 
paraboloidal surface in the example of Fig 3.2.1 was 
specified as the ratio 
H/L2 
where H is the difference between the heights of the 
two ends of a side of a 'central square' (in plan) and 
L is the length of a side of the square (in plan). In the 
case of the example of Fig 3.2.1 the chosen central 
square happened to be coincident with the 
boundaries of the grid under consideration. 
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However, this was incidental and the chosen central 
square may have been of any size. 
B:·······················: 
, , 
, , 
B:····· 
A:'" 
A:··'''' 
The sides of the central 
squares are along 'ruling 
lines' and lie in the hyperbolic paraboloidal surface 
Fig 3.2.11 Specification of pitch 
Fig 3.2.12 Further examples of hyperbolic 
paraboloidal grids 
For example, in the case of the hyperbolic 
paraboloidal surface of Fig 3.2.8, either of the central 
squares shown by dotted lines in Fig 3.2.11 may be 
used for specifying the pitch. Here, H will be the 
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difference in heights of points A and B of a central 
square and L will be the length of line AB (in plan). 
The nature of a hyperbolic paraboloidal surface is 
such that HI L 2 will be the same for every central 
square. However, since the pitch has the dimension 
(lengthrl, the unit of length used for specifying the 
pitch does affect its value. Thus, if the pitch of a 
hyperbolic paraboloidal surface with the 'metre' as 
the unit length is 0.1 m' l then, with 'millimetre' as 
the unit length, the pitch will be 0.0001 mm'!. 
Three further examples of hyperbolic paraboloidal 
grids are shown in Fig 3.2.12. The formex 
formulation of these grids are left to be carried out 
by the reader as exercise. 
Fig 3.2.13 A mallow dome 
3.2.1 Mallow Domes 
Consider the dome a perspective view of which 
together with its plan and a side view is shown in Fig 
3.2.13. The dome consists of616 beam elements that 
are rigidly connected together at 225 nodal points. 
The dome has eight 'sectors ' each of which is a 
hyperbolic paraboloidal grid with a triangular 
7 
boundary in plan. The dome of Fig 3.2.13 is an 
example of a family of domes that are referred to as 
'mallow domes', so called because of their 
resemblance to the' mallow flower' . 
The procedure for generation of a sector of the 
mallow dome of Fig 3.2.13 is as follows: 
STEP 1: A sector of the dome is formulated relative 
to a hyperbolic paraboloidal normat as shown in Fig 
3.2.14a. A formex representing the configuration is 
given by 
E1 = genid(1 ,7,2,S,-I,I) I {[O,O,O; - 1,S,O], 
[0,0,0; I,S,O], [- I,S,O; I ,S,O]} 
where S=3.25 m is a scale factor controlling the 
length of the sector and the size of the dome. The 
above formulation is similar to that discussed for the 
trapezial grid of Fig 3.2.8. 
s 
lJ") 
cD 
..... 
1/ 
U 
o 1 2 3 4 
Ie I. I. Ie J, 
lS1S1S1S' 
S=3.25 ill 
-2 - U2(y) 
O-~1-3+E-~~~~~~~--
2- 1 4 _ 7 Divisions 
- U1(x) 
I" D=22.75 ill 
(a) STEP 1 
U3(z) 
_lw 
U2(y) U2(y) 
(c) STEP 3 
D sin A 
.1 z 
(b) STEP 2 
x 
U1(x) 
8 
(d) STEP 4 (e) STEP 5 
Fig 3.2.14 Procedure for the generation of a sector 
of the mallow dome of Fig 3.2.13 
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STEP 2: The configuration of Fig 3.2.14a is rotated 
about the origin in the U2-U3 plane such that the 
base of the triangle assumes a level which is at a 
distance C=16.5 m below the UI-U2 plane, as shown 
in Fig 3.2.14b. The distance C controls the height of 
the centre of the dome and is referred to as the 
'central height' . A formex representing the 
configuration in Fig 3 .2.14b is given by 
E2 = verat(0,0,A- 90) 1 E 1 
where 
A = arccos (C /D) 
and where the construct 
verat(0,0,A-90) 
is a verat function effecting a rotation by (A-90)0 in 
the U2-U3 plane about the origin. 
STEP 3: The configuration in Fig 3.2.14b is scaled 
in the Ul direction such that the angle B becomes 
equal to 22.5° (in plan), as shown in Fig 3.2.14c. 
This operation is carried out so that the central angle 
(in plan) of each sector in the dome of Fig 3.2.13 
will be equal to 45° with the central angles of the 
eight sectors adding up to 360°. The configuration of 
Fig 3.2.14c may be represented by 
E3 = dil(I ,K) I E2 
where 
dil(l,K) 
is a dilatation function effecting scaling by the factor 
K in the Ul direction, see Sections 2.5 and 2.A.3 of 
Ref 2. The dilatation factor K is obtained as follows: 
For the angle B to be equal to 22.5° (in plan), the 
distance W must be 
W = D sin A tan 22 .5° 
However, the length corresponding to W in the 
configuration of Fig 3.2.14a is 7 divisions. Therefore 
K = W /7 = (D sin A tan 22.5°)/7 
STEP 4: The configuration of Fig 3.2.14c is rotated 
in the UI-U2 plane about the origin such that it 
assumes a position at the middle of the UI-U2 
quadrant, as shown in Fig 3.2.14d. A formex 
representing the configuration in Fig 3.2.14d is given 
by 
E4 = verad(0,0,-45) 1 E3 
STEP 5: The formulation 
F = bhp(1,I,I,0.04) 1 E4 
is used to obtain a formex variable F representing the 
configuration of the sector relative to the global x-y-
z coordinate system. The construct 
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bhp(1 , I, I ,0.04) 
is a basihyperbolic paraboloidal retronorm with the 
pitch being equal to 0.04 m-I, see Fig 3.2.4. 
Finally, a formex representing the dome of Fig 
3.2.13 is obtained as 
DOME = pex I rosad(0,0,8,360/8) I F 
where, the function 
rosad(0,0,8,360/8) 
creates 8 rotational replications of the sector 
represented by F and where the pex function 
eliminates the superfluous overlapping beam 
elements along the 'valleys' where the sectors join. 
A Formian scheme for the generation of mallow 
domes is given in the editory display of Fig 3.2.15. 
The formex formulation in this scheme is a generic 
version of the formulation discussed above for the 
mallow dome of Fig 3.2.13. 
(*) Mallow dome of Fig 3.2.13 (*) 
M=7; (*) frequency (*) 
N=8; (*) number of sectors (*) 
S=3.25; (*) scale (*) 
P=0.04; (*) pitch (*) 
C=16.5; (*) central height (*) 
D=M*S; A=acos I (CID); B=360/(2*N); 
(*) C must be smaller than D (*) 
W=D*sinIA*tanIB; K=W!M; 
E1 =genid(1,M,2,S,-1, 1) I {[O,O,O; -l,S,O], 
[0,0,0; 1,S,0], [-l,S,O; 1,S,0]}; 
E2 =verat(0,0,A-90) lEI ; 
E3=dil(1,K) IE2; 
E4=verad(0,0,-45) IE3; 
F=bhp(l,l,l,P) IE4; 
DOME=pex I rosad(0,0,N,360/N) IF; 
use &,vm(2),vt(2), 
vh(3*D,3*D,4*D, 0,0,0, 0,0,1); 
clear; draw DOME; 
<><><> 
Fig 3.2.15 A generic Forrnian scheme for the 
mallow dome of Fig 3.2.13 
The scheme of Fig 3.2.15 may be used to generate a 
wide variety of mallow domes. Two such examples 
are shown in Fig 3.2.16 together with their 
respective parameter values. 
A different style of mallow dome is shown in Fig 
3.2.17. In this case, the outer edges of the sectors are 
curved 'downwards' (rather than 'upwards' as in the 
mallow domes of Figs 3.2.13 and 3.2.16). Also, in 
the case of the mallow dome of Fig 3.2.17, the 
boundaries between the neighbouring sectors are 
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'ridges' (rather than 'valleys' as In the mallow 
domes of Figs 3.2.13 and 3.2.l6). 
M=ll, N=6, S=2.25, 
P=0.035 and C=16 
Fig 3.2.16 Mallow domes generated by the scheme 
of Fig 3.2.15 
Perspective 
view 
View helm: vh(20,20,40, 0,0,0, 0,0,1) 
M=10 
N= 8 
S=2.25 
P=0.025 
C=1.5 
Fig 3.2.17 A different style of mallow dome 
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To differentiate between a mallow dome of the type 
shown in Fig 3.2.13 with the one shown in Fig 
3.2.17, the former is referred to as an 'upcurved 
mallow dome' and the latter is referred to as a 
'downcurved mallow dome'. 
Fig 3.2.18 Further examples of mallow domes 
The downcurved mallow dome of Fig 3.2.17 may be 
generated using a slightly modified version of the 
scheme of Fig 3.2.15. This modified version is 
obtained by replacing the statement 
E4 = verad(0,0,-45) I E3; 
by 
E4 = verad(O,0,45) I E3; 
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This modification implies that the rotation in step 4 
of the procedure in Fig 3.2.14 places the sector in the 
quadrant (negative Ul)-U2 rather than UI-U2. 
The basic characteristic of a mallow dome is that it 
consists of hyperbolic paraboloidal sectors. 
However, the pattern of the elements is not restricted 
to the particular pattern exemplified so far. Three 
examples of other patterns for mallow domes are 
shown in Fig 3.2.18. The formex formulation of 
these domes is left to be carried out by the reader as 
exercise. 
Finally, it should be mentioned that when the pitch is 
equal to zero then every mallow dome becomes a 
'pyramidal dome'. For example, if the pitch of the 
mallow dome of Fig 3.2.16b is changed to zero then 
the configuration becomes a pyramidal dome with 
six planar faces, as shown in Fig 3.2.19. 
View helm: vh(20,20,60, 0,0,0, 0,0,1) 
Fig 3.2.19 A degenerate form of the mallow dome 
of Fig 3.2.16b with a zero pitch 
3.2.2 Saddle Barrel Vaults 
Consider the saddle-shaped barrel vault of Fig 
3.2.20. The span of the barrel vault is 54.60 m and it 
is 31 .20 m long. The structure consists of 694 rigidly 
jointed beam elements with all the nodal points 
being on a hyperbolic paraboloidal surface. The 
pitch of the surface is 0.025 mol. 
The centre of the barrel vault, which is the saddle 
point of the hyperbolic paraboloidal surface, is at the 
origin of the global x-y-z coordinate system with the 
diagonal beam elements being along the ruling 
directions. This implies that the diagonal 'beam 
lines' are straight lines whereas the elements in the 
circumferential and longitudinal directions are 
chords of parabolas. 
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Fig 3.2.20 A saddle barrel vault 
Fig 3.2.21 A hyperbolic paraboloidal normat for the 
formulation of the saddle barrel vault of Fig 3.2.20 
A formex formulation for the barrel vault of Fig 
3.2.20, relative to the hyperbolic paraboloidal normat 
of Fig 3.2.21, may be written as follows: 
E = rinid(9,14,2,2) 1[- 8,-14,0; -8,-12,0]# 
rinid(8,15,2,2) I [- 8,- 14,0; -6,-14,0]# 
rinid(8,14,2,2) Ilamid(- 7,- 13) I 
[- 8,- 14,0; -7,-13,0] 
F = verad(0,0,45) I E 
VAULT = bhp(l.95, 1.95, 1 ,0.025) I F 
In this formulation 
• E represents the compret of the configuration of 
the barrel vault of Fig 3.2.20, 
• F represents a rotation of the configuration by 
45° in the UI-U2 plane about the origin so that 
the configuration is placed in the position of the 
normat that has the required saddle shape and 
• VAULT represents the configuration of the 
barrel vault relative to the global x-y-z 
coordinate system. 
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In the above basihyperbolic paraboloidal retronorm, 
that is, 
bhp(l.95,1.95, 1 ,0.025) 
the scale factor 1.95, which is the same for the Ul 
and U2 directions, is obtained by dividing the span 
by the number of normat divisions in the U2 
direction, that is, 54.60 /28. 
A generic version of the above formulation for the 
barrel vault of Fig 3.2.20 is given in Fig 3.2.22. 
(*) Saddle barrel vault of Fig 3.2.20 (*) 
M=8; (*) frequency of 'crosses' in the 
longitudinal direction (*) 
N=14; (*) frequency of 'crosses' in the 
circumferential direction (*) 
S=1.95; (*) scale (*) 
P=0.025; (*) pitch (*) 
E=rinid(M+l ,N,2,2) I [-M,-N,O; -M,2-N,0]# 
rinid(M,N+l ,2,2) I [-M,-N,O; 2-M,-N,0]# 
rinid(M,N,2,2) Ilamid(l-M, l-N) I 
[-M,-N,O; l-M,l-N,O]; 
F=verad(0,0,45) IE; 
VAULT=hhp(S,S,l,P) IF; 
use &,vm(2J,vt(2), 
vh(2*N*S,N*S,4*N*S, 0,0,0, 0,0,1); 
clear; draw VAULT; 
AB=bhp(S,S ,l,P) Iverad(0,0,45) I 
{(M,O,O], [M,-N,O]) ; 
give AB; 
J=med I VAULT; 
<><><> 
Fig 3.2.22 A generic Formian scheme for the 
saddle barrel vault of Fig 3.2.20 
In the process of evolving a structural form during 
the design of a space structure, it is often he1ptBr to 
have easy access to information about the positions 
of some key points of the structure. For example, 
referring to the barrel vault of Fig 3.2.20, it is useful 
to know the heights of points A and B for different 
choices of values for parameters M, N, Sand P in the 
scheme of Fig 3.2.22. An approach for obtaining the 
required information is employed in the scheme of 
Fig 3.2.22. To elaborate, the statement 
AB = bhp(S,S, 1 ,P)) I verad(0,0,45) I 
{[M,O,O], [M,- N,O]}; 
creates a formex variable AB that contains the 
coordinates of points A and B where 
{[M,O,O], [M,-N,O]} 
represents points Ao and Bo in Fig 3.2.21 and where 
bhp(S,S,l,P) I verad(0,0,45) 
JJ 
transforms the points Ao and Bo into points A and B 
of Fig 3.2.20. 
The statement 
give AB; 
in the scheme of Fig 3.2.22 will cause a 'give box' to 
appear on the Formian screen displaying the 
coordinates of points A and B, as shown in Fig 
3.2.23, see Section l.3.4 of Ref l. Thus, for the 
choice of parameter values that corresponds to the 
barrel vault of Fig 3.2.20, the Z coordinates of points 
A and B are, respectively, 
ZA = 6.084 m and ZB = -12.548 m 
Therefore, point A is 6.084 m above the saddle point 
(the origin of the global coordinate system) and point 
B is 12.548 m below the saddle point. This implies 
that the 'rise' of the front arch of the barrel vault is 
18.632 m. 
Give ~ 
AS = {[1.103087E+001 , 1.103087E+001, 6.084000E+OOOj, 
[3.033488E+001, -8.273149E+OOO, -1.254825E+OO1]} 
I Echo to editory I I Cancel I 
Fig 3.2.23 Give box displaying the value of AB in 
the scheme of Fig 3.2.22 
Variables ~ 
Variable Type Order Plexitude Grade Size 
ab FLTFMX 2 1 3 24b 
e INT FMX 694 2 3 17kb 
f FLT FMX 694 2 3 17kb 
j FLT FMX 247 1 3 3.0kb 
m INT 4b 
n INT 4b 
P FLT 4b 
s FLT 4b 
vault FLT FMX 694 2 3 17kb 
I Cancel I 
Fig 3.2.24 Variables box displaying the particulars 
of the variables in the scheme of Fig 3.2.22 
Another type of information that is often required 
relates to the number of various objects such as 
structural elements and nodes. Information of this 
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type can always be obtained by displaying the 
'variables box' by clicking the item 'List' on the 
menu bar of the Formian screen and selecting the 
item 'variables', see Section l.5.6 of Ref l. 
In the case of the barrel vault of Fig 3.2.20, once the 
scheme of Fig 3.2.22 is executed, the variables box 
will be as shown in Fig 3.2.24. The information 
displayed in Fig 3.2.24 shows that the barrel vault of 
Fig 3.2.20 has 694 elements. This is given as the 
'order' of formex variable VAULT (vault). Also 
shown, is the number of nodes of the barrel vault 
which is 247. This is given as the order of J (j). The 
formex variable J is created by the last statement in 
the scheme of Fig 3.2.22, that is, 
J = med I VAULT; 
Here, the construct 'med' is the medulla function 
that creates an ingot listing the distinct signets of a 
formex, see Section 2.A. 14 of Ref 2. 
Fig 3.2.25 A segmental saddle barrel vault 
As a further example of barrel vaults involving 
hyperbolic paraboloidal forms, consider the structure 
shown in Fig 3.2.25. This is a barrel vault consisting 
of three segments each of which is identical to the 
barrel vault of Fig 3.2.20. A formex representing the 
configuration of the segmental barrel vault of Fig 
3.2.25 may be written as 
B = pex I rinad(0,0,-I,- 1,3,3l.20) I VAULT 
where 
• VAULT is the formex variable representing the 
configuration of the barrel vault of Fig 3.2.20, 
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• rinad(O,O,-1 ,-1 ,3,31.20) 
is a rinad function creating 3 translational 
replications of the barrel vault of Fig 3.2.20 
along the direction going from the origin (0,0) to 
the point (- 1,- 1) in the x-y plane with the pace 
of the translation being 31.20 m (that is, the 
length of the barrel vault, as shown in Fig 
3.2.20), see Section 2.A.S of Ref 2, and 
• pex is the pexum function that eliminates the 
superfluous overlapping beam element along the 
ridges where the barrel vault segments join. 
3.2.3 Hyperbolic Paraboloidal 
Shells 
Shell structures are often constructed using 
hyperbolic paraboloidal surfaces. In fact, anyone of 
the examples of lattice structural forms considered so 
far in this section can be considered for construction 
as a shell structure. 
The approach in dealing with configuration 
processing for a shell structure is basically the same 
as that for a lattice structure. However, in the case of 
a shell structure the elements are tile-like 'finite 
elements' rather than bar or beam elements. 
Fig 3.2.26 A mallow shell dome with a finite 
element mesh 
An example of a shell structure involving hyperbolic 
paraboloidal surfaces is shown in Fig 3.2.26. This is 
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a downcurved mallow shell dome which is shown 
together with a finite element mesh. The mesh 
consists of 1440 finite elements each of which has a 
triangular shape with three nodes at the apices of the 
triangle. There are 781 nodal points that lie on the 
hyperbolic paraboloidal surfaces of the sectors. 
A formex formulation for the finite element mesh of 
the mallow shell dome of Fig 3.2.26 is given in a 
Formian scheme in Fig 3.2.27. 
(*) Mallow shell dome of Fig 3.2.26 (*) 
M=12; (*) frequency (*) 
N=10; (*) number of sectors (*) 
S=0.85; (*) scale (*) 
P=0.06; (*) pitch (*) 
C=3.50; (*) central height (*) 
D=M*S; A=acos I (CID); B=360/(2*N); 
(*) C must be smaller than D (*) 
W=D*sinIA*tanIB; K=W/M; clear; 
El=genid(1,M,2,S,-1, 1) I 
[0,0,0; -l,S ,O; 1,S,0]# 
genid(1,M-l,2,S,-1, 1) I 
[-l,S,O; 0,2*S,0; 1,S,0]; 
E2 =verat(0,0,A-90) I El; 
E3=dil(1,K) IE2; 
E4=verad(0,0,45) I E3; 
F=bhp(l,l,l,P) IE4; 
SHELL=rosad(0,0,N,360/N) IF; 
use &,vm(2),vt(2),c(3,19), 
vh(2*D,D,5*D, 0,0,0, 0,0,1); 
draw SHELL; 
<><><> 
Fig 3.2.27 A generic Formian scheme for the 
mallow shell dome of Fig 3.2.26 
-4 -
-2 -
0-
2-
4 - 82 
Ul(x) 
U2(y) 
• 
Fig 3.2.28 Normat for the formulation of a sector of 
the mallow shell dome of Fig 3.2.26 
Except for the differences noted below, the 
formulation in the scheme of Fig 3.2.27 follows the 
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procedure used in the scheme of Fig 3.2.lS for the 
generation of the mallow dome of Fig 3.2.13, as 
illustrated in Fig 3.2.14. 
The main difference between the schemes of Figs 
3.2.27 and 3.2.IS is that the formex variable El in 
the scheme of Fig 3.2.27 represents an arrangement 
of triangular finite elements rather linear beam 
elements. EI in the scheme of Fig 3.2.27 is given as 
E I = genid( I ,M,2,S,- I, I) I 
[0,0,0; -I ,S,O; I,S,O]# 
genid( I ,M-I ,2,S,-I, I) I 
[-I,S,O; 0,2*S,0; I,S,O]; 
This represents all the finite elements in a sector of 
the mallow dome of Fig 3.2.26 relative to the 
hyperbolic paraboloidal normat of Fig 3.2.28. In the 
above formulation 
• [0,0,0; -1 ,S,O; I,S,O] 
represents the triangular finite element denoted 
by el in Fig 3.2.28, 
• genid(l,M,2,S,-I,I) I [0,0,0; -1,S,O; I,S,O] 
represents all the finite elements in Fig 3.2.28 
whose orientation is the same as that of e 1, 
• [- I,S,O; 0,2*S,0; I,S,O] 
represents the triangular finite element denoted 
by e2 in Fig 3.2.28 and 
• genid(I,M- l,2,S,- I,I) I [-I,S,O; 0,2*S,0; I,S,O] 
represents all the finite elements in Fig 3.2.28 
whose orientation is the same as that of e2. 
The other differences between the schemes of Figs 
3.2.27 and 3.2.1S are as follows: 
1. In the scheme of Fig 3.2.27, the statement 
E4 = verad(0,0,4S) I E3; 
effects a rotation of 4S0 in the anticlockwise 
direction whereas the corresponding statement in the 
scheme of Fig 3.2.1S effects a clockwise rotation. In 
fact, this is the difference that results in the creation 
of a downcurved mallow dome rather than an 
upcurved mallow dome. The rotation relates to Step 
4 of the procedure in Fig 3.2.14. 
2. In the scheme of Fig 3.2.1S, the pexum function 
in the statement 
DOME = pex I rosad(0,0,N,3601N) I F; 
has the effect of eliminating the superfluous 
overlapping beam elements along the borders of the 
adjoining sectors. The corresponding statement in 
the scheme of Fig 3.2.27, that is, 
SHELL = rosad(0,0,N,3601N) I F; 
is given without the pexum function. The reason is 
that the adjoining finite elements do not have any 
overlapping. 
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3. The use statement in the scheme of Fig 3.2.27 has 
an additional item, namely, 
c(3,19) 
The effect of this 'use item' is to add a yellow infill 
colour to the finite elements when displayed on the 
screen. 
For top layer: 
U3=1 
"" e 
-4 -3 -2 -1 0 1 2 3 4 
I I I I I I I I I 
For bottom 
layer: U3=0 
I 1":71 ~/ D / 1"'- / I"'-./' 1"'- L '7 
JL ~ '/ 1"'- '/ "'- '/ "'-V "'- 1/ "'- '/ I" 
-4 -
-3 -
-2 -
-1 -
"-1/ "'-1/ 1"'- / 1"'- / "- / "'- / "'-1/ / 1"'- / 1"'- '/ "'- '/ "'- '/ "'- / "'- / I" 
"'-V "'-V 1"'- / !" / 1"'- / "'- / "'-V / 
'" 
/ 
'" 
V "-V "-V "- / 
"" 
/ 
'" 0-
1-
2-
3-
4-
"'-/ 
1/ "'-
1"'- / 
1/ "'- / 
" 1"'- / "'- / 
/ 1"'- / 
" 
/ "'-V 
"'- '/ "'- / "'- / I" ---
"'- / "'- / "'- / 
" 
/ 1"'- / 
" 
/ "'-V 
U2(y) 
/ "'- / "'- / "- / "'- '/ "'- '/ 
"" 
/ 
'" "'- / "'- / ,"'- '/ 
" 
/ 1"'- / 
" 
/ "'-1/ / "'- '/ "'- / "'- / "'- / "'- '/ "'- / 1"'-
"'-V "'- / "'- '/ "'- / 1"'- '/ 
" 
L "'-V / "'- /"'- /"'- ,/,,- '/"'- /"'- /"-
1-· ---,:-::--_o!_. ---::-::---01 15.80 m 15.80 m 
Plan view Ul(x) 
Fig 3.2.29 A hyperbolic paraboloidal double 
layer grid 
3.2.4 Double Layer Hyperbolic 
Paraboloidal Forms 
Anyone of the lattice hyperbolic paraboloidal forms 
discussed so far may be designed as a double layer 
(or multilayer) structure. An example is shown in Fig 
3.2.29. This is a double layer hyperbolic 
paraboloidal grid consisting of 
• a layer of elements at the top whose nodal points 
lie on a hyperbolic paraboloidal surface, 
• a layer of elements at the bottom whose nodal 
points lie on a hyperbolic paraboloidal surface 
which is parallel with the top layer surface and 
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• web elements that interconnect the top and 
bottom layer nodal points. 
In Fig 3.2.29, the top layer elements are shown by 
thick lines and the bottom layer elements as well as 
the web elements are shown by thin lines. 
The boundaries of the grid of Fig 3.2.29 form a 
square of edge length 31.60 m in plan with all the 
top and bottom layer elements having the same 
length in plan. The vertical distance between the top 
and bottom hyperbolic paraboloidal surfaces is 
D=1.55 m and both surfaces have the same pitch 
P=0.014 m· l . 
There is an important difference in the structural 
behaviour of a single layer lattice hyperbolic 
paraboloidal form and that of a double layer form, 
such as the one shown in Fig 3.2.29. Namely, in a 
single layer form, such as the grids, domes and barrel 
vaults exemplified in Sections 3.2, 3.2.1 and 3.2.2, 
the elements are normally under the effects of 
bending moments, shear forces and torques as well 
as axial forces and none of these components can be 
regarded as unimportant. In contrast, the behaviour 
of a double layer system, such as the one shown in 
Fig 3.2.29, is usually dominated by axial forces and 
the other components may be assumed to be of 
secondary importance. Consequently, the elements 
of a single layer system should normally be designed 
as beams with rigid joints whereas a double layer 
system may usually be designed as a pin-jointed 
structure. 
Returning to the example of the grid of Fig 3.2.29, a 
formex formulation for the grid, relative to the 
indicated UI-U2-U3 hyperbolic paraboloidal normat, 
may be written as follows: 
TOP = pex I rinid(7,7,2,2) I rosad(-6,-6) I 
[-7,-7,1; -5,-7,1] 
BOT = pex I rinid(6,6,2,2) I rosad(-5,-5) I 
[-6,-6,0; -4,-6,0] 
WEB = rinid(7,7,2,2) I rosad(-6,-6) I 
[-7,-7,1; -6,-6,0] 
G = TOP#BOT#WEB 
GRID = bhp(15.8017, 15.8017, 1.55,0.014) I G 
In the above formulation 
• [-7,-7,1; -5,-7,1] 
represents the top layer element indicated by e in 
Fig 3.2.29, 
• rosad(-6,-6) 1[-7,-7,1; -5,- 7,1] 
represents the four top layer elements that are 
shown by double lines in Fig 3.2.29, 
• rinid(7,7,2,2) I rosad(-6,-6) 1[-7,-7,1; -5,-7,1] 
represents all the top layer elements together 
with a number of superfluous overlapping 
elements and 
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• TOP represents all the top layer elements with 
the superfluous overlapping elements eliminated. 
Also, in the above formulation 
• BOT represents all the bottom layer elements, 
• WEB represents all the web elements, 
• G represents all the elements of the grid relative 
to the UI-U2-U3 hyperbolic paraboloidal normat 
and 
• GRID represents all the elements of the grid 
relative to the global x-y-z coordinate system. 
A generic version of the above formulation is shown 
in the Formian scheme of Fig 3.2.30. 
(*) Double layer grid of Fig 3.2.29 (*) 
M=7; (*) frequency of top layer (*) 
L=31.60; (*) edge length (in plan) of 
the top layer (*) 
D=1.55; (*) depth of grid (*) 
P=0.014; (*) pitch (*) 
TOP=pexI rinid(M,M,2,2) Irosad(l-M,l-M) I 
[-M,-M,l; 2-M,-M,1]; 
BOT=pex I rinid(M-1,M-1,2,2) I 
rosad(2-M,2-M) I [l-M, 1-M,0; 3-M,1-M,0]; 
WEB=rinid(M,M,2,2) I rosad(l-M,l-M) I 
[-M,-M,l; 1-M,1-M,0]; 
G=TOP#BOT#WEB; 
GRID=bhp(L/(2*M),L/(2*M),D,P) I G; 
use &,vm(2),vt(2),vh(2 *L,L,2 *L, 0,0,0, 0,0,1); 
clear; draw GRID; 
<><><> 
Fig 3.2.30 A generic scheme for the hyperbolic 
paraboloidal grid of Fig 3.2.29 
Concave \ U3(z) 
parabola~\ 
Straight! " Normat surface 
line ~ \ / 
Convex '-
parabola G _ --': - ----
- . 
Fig 3.2.31 A hyperbolic paraboloidal normat with 
some normat surfaces shown 
The attention is now turned to a closer examination 
of the normat in Fig 3.2.29. A sketch of this 
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hyperbolic paraboloidal normat is shown in Fig 
3.2.31. For a given pitch P, the normat has an infinite 
number of parallel 'normat surfaces' each of which 
corresponds to a value of U3. These surfaces extend 
to infinity along Uland U2 and the central parts of a 
few of them are shown in Fig 3.2.31. Every one of 
these normat surfaces is a hyperbolic paraboloidal 
surface whose saddle point is on the U3 axis and its 
pitch is equal to P. When p=o then all the normat 
surfaces will be planes parallel to the UI-U2 plane. 
/ 
Ul(x) 
/ 
Ul(x) 
Ul(X) / 
----
U2(y) 
U2 
(y) 
Fig 3.2.32 Three variations of the grid of Fig 3.2.29 
with different orientations (the pitch for 
all three cases is equal to 0.024 m· l ) 
Returning to the example of the double layer grid of 
Fig 3.2.29, it may be noted that the top and bottom 
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layer elements of the grid are along the 'ruling 
directions' . Consequently, each group of top or 
bottom layer elements that are along a straight line in 
plan will be also along a straight line in space. 
Now, suppose that the statement 
G = TOP#BOT#WEB; 
in the scheme of Fig 3.2.30 is replaced by 
G = verad(0,0,45) I (TOP#BOT#WEB); 
This will have the effect of rotating the grid by 45° 
in the anticlockwise direction about the U3 axis 
before the application of the basihyperbolic 
paraboloidal retronorm. 
A view of the resulting hyperbolic paraboloidal 
double layer grid is shown in Fig 3.2.32a. Also, a 
plan view of the grid indicating its orientation with 
respect to the coordinate axes is shown next to its 
perspective view in Fig 3.2.32a. This grid is, in fact, 
a double layer saddle barrel vault. In this case, the 
top and bottom layer elements will be chords of 
parabolas. Another two variations of the grid of Fig 
3.2.29 with different orientations are shown in Figs 
3.2.32b and 3.2.32c. 
i U3(z) 
_-r-__ ~ 
U2(y) 
Fig 3.2.33 An asymmetric double layer saddle 
barrel vault 
Also, a variation of the double layer saddle barrel 
vault of Fig 3.2.32a is shown in Fig 3.2.33. This 
configuration is obtained using the scheme of Fig 
3.2.30 with the statement 
G = TOP#BOT#WEB; 
replaced by 
G = tranid(- 2,-2) I verad(0,0,45) I 
(TOP#BOT#WEB); 
This will have the effect of rotating the grid of Fig 
3.2.29 by 45° about U3 and then translating the grid 
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by - 2 divisions along Ul and U2 before the 
application of the basihyperbolic paraboloidal 
retronorm. This will give rise to an 'asymmetric 
saddle barrel vault' with its saddle point shifted 
along the ridge. 
The examples of Figs 3.2.32 and 3.2.33 illustrate the 
fact that the position and orientation of a 
configuration with respect to a hyperbolic 
paraboloidal normat have a major affect on the shape 
of the resulting form. The choice of the position and 
orientation of the configuration will therefore 
provide a means of manipulating the form to suit 
various design situations. It is to be noted, however, 
that the change of the position and orientation of a 
configuration with respect to a hyperbolic 
paraboloidal normat does not affect the plan view. 
It should be mentioned that in all the examples of the 
hyperbolic paraboloidal forms considered so far the 
scale factors in the Ul and U2 directions were 
identical. However, this is incidental rather than a 
general rule. The scale factors in the Ul and U2 
directions may assume different values to suit the 
design requirements. For example, if the statement 
GRID = bhp(L/(2*M),L/(2*M),D,P) 1 G; 
in the scheme of Fig 3.2.30 is replaced by 
GRID = bhp(0.7*L/(2*M),L/(2*M),D,P) 1 G; 
then the plan view of the resulting configuration will 
be as shown in Fig 3.2.34. Here, the scale factor in 
the first direction is chosen to be 70% of that in the 
second direction. 
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Fig 3.2.34 Plan view of a variation of the hyperbolic 
paraboloidal double layer grid of Fig 3.2.29 with 
unequal scale factors in the Ul and U2 directions 
As the last example in the present section, consider 
the compound hyperbolic paraboloidal double layer 
grid of Fig 3.2.35. A formex formulation for the 
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generation of this grid IS given III the Formian 
scheme of Fig 3.2.36. 
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Fig 3.2.35 A compound hyperbolic paraboloidal 
double layer grid 
The compound grid of Fig 3.2.35 is obtained by a 
rotational replication of a 'base grid' which is similar 
to the grid of Fig 3.2.29. The base grid is represented 
by the formex variable H I in the scheme of Fig 
3.2.36. The formulation of the base grid is identical 
to the formulation discussed before for the grid of 
Fig 3.2.29 and given in the scheme of Fig 3.2.30. 
In the scheme of Fig 3.2.36, the rotational replication 
of the base grid is effected by the statement 
H2 = pex 1 rosad(-Ll2,Ll2) 1 HI; 
This is similar to the operation that was discussed 
before in relation to the compound hyperbolic 
paraboloidal grid of Fig 3.2.7b. 
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(*) Compound grid of Fig 3.2.35 (*) 
M=5; (*) frequency of top layer (*) 
L=27.00; (*) edge length (in plan) of 
the top layer (*) 
D=1.2; (*) depth of grid (*) 
P=0 .018; (*) pitch (*) 
TOP=pexI rinid(M,M,Z,Z) Irosad(l-M,l-M) I 
[-M,-M,l; Z-M,-M,l); 
BOT=pex I rinid(M-l,M-l,Z,Z) I 
rosad(Z-M,Z-M) I [l-M, 1-M,0; 3-M,1-M,O) ; 
WEB=rinid(M,M,Z,Z) Irosad(l-M,l-M) I 
[-M,-M,l; 1-M,1-M,0); 
G=TOP#BOT#WEB; t=1/(Z*M); 
Hl=bhp(t,t,D,P) I G; 
HZ =pex I rosad( -1/2,1/Z) I Hi; 
xl=(l-M)*t; xZ=xl; x3=(3-M)*t; 
yl=-xl; yZ=(l+M)*t; y3=yl; 
zl=Z *P*xl *yl ; zZ=zl; z3=Z*P*x3*y3; 
Link=rosad( -1/z,1/Z) I rinax(xl ,yl ,zl, 
x3,y3,z3, M) I [xl ,yl,zl; xZ,yZ,zZ); 
GRID=HZ#Link; 
use &,vm(ZJ,vt(2J, 
vh(3*L,1/3 ,3*L, 0,0,0, 0,0,1); 
clear; draw GRID; 
<><><> 
Fig 3.Z.36 A generic Formian scheme for the 
compound grid of Fig 3.Z.35 
The aspect of formulation of the grid of Fig 3.2.35 
that needs further explanation relates to the 'link 
elements' . These are the elements that connect the 
bottom layers of the replicated grids. The link 
elements are shown by 'double lines' in the plan 
view in Fig 3.2.35. The link elements may be 
formulated with the aid of the x, y and z coordinates 
of points B I, B2 and B3. These are three bottom 
layer nodal points as indicated in Figs 3.2.35 and 
3.2.37. The coordinates of the points Bl, B2 and B3 
are found to be 
xl = (l-M)t x2 = xl x3 = (3-M)t 
yl= - xl y2=(1+M)t y3=yl 
zl = 2Pxl yl z2 = zl z3 = 2Px3y3 
where M is the number of the top layer elements 
along an edge of the base grid, P is the pitch and 
t= L/2M 
where L is the length of an edge of the top layer of 
the base grid. The expressions for the coordinates zl 
and z3, given above, are obtained using the equation 
of the hyperbolic paraboloid, as discussed before in 
Section 3.2. 
A formex representing the link elements may now be 
written as 
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Link = rosad(- L/2,L/2) I rinax(xl,yl,zl, 
x3,y3,z3, M) I [xl ,yl,zl; x2,y2,z2] 
where 
• [xl,yl,zl; x2,y2,z2] 
represents the link element B I-B2, 
• rinax(xl,yl,zl, x3,y3,z3, M) I 
[xl,yl,zl; x2,y2,z2] 
represents all the link elements indicated by 
asterisks in Fig 3.2.37 and 
• the formex variable 'Link' represents all the link 
elements of the grid of Fig 3.2.35. 
The 'rinax function' used in the above formulation is 
a generalisation of the rindle function. It creates M 
replications of the link element B 1-B2 in the spatial 
direction determined by the vector whose first end is 
at Bland whose arrowhead end is at B3 . The amount 
of translation at each step will be equal to the 
distance BI-B3, see Sections 2.2 and 2.A.5 ofRef2. 
* B1 
* B3 
z 
* 
* 
BZ 
____ Link element 
...--/ Bottom layer 
7 element 
--y 
* 
L 
! t= ZM I I I I l x 2t ~ 2t 1 2t 1 2t 1 2t 1 
Fig 3.2.37 Plan view of some bottom layer and link 
elements of the grid of Fig 3.Z.35 
3.3 HYPERBOLOIDAL FORMS 
The objective of this section is to discuss the 
configuration processing aspects of a number of 
families of structural forms that are based on 
hyperboloidal surfaces. As an example, consider the 
tower a perspective view of which is shown in Fig 
3.3.l. The tower consists of 300 elements that are 
connected together at 110 nodes. The nodes lie on a 
hyperboloidal surface that is generated by rotating a 
hyperbola around the z-axis as shown on the right 
side of Fig 3.3.l. This hyperboloidal surface is 
referred to as the 'circumsurface' of the tower. The 
other particulars of the tower are as follows: 
• The overall height of the tower is H=30 m. 
• The height at the 'neck' of the tower, as 
measured from the base, is HI =21 m. The neck 
of the tower is the position where the radius of 
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the cross-section of the circumsurface is a 
mInimum. 
• The radius of the cross-section of the 
circum surface at the base of the tower is R=8 m. 
• The cross-section of the circumsurface at the 
neck of the tower is in the x-y plane. The radius 
of this cross-section is Rl =3 m. 
• The tower has M=10 nodes at the base. These 
are the support positions of the tower. 
• The tower has N=5 rhombic modules in the 
vertical direction. 
Hyperbolic z 
generator 
~ 
_
Rl y_ X+E---/3m 
Neck of 
Fig 3.3.1 A hyperboloidal tower 
,.... 
N 
II 
,.... 
::r: 
s 
o 
M 
II 
::r: 
The circumsurface of the tower of Fig 3.3.1 IS a 
'hyperboloid of revolution of one sheet'. The 
equation of this surface, relative to the indicated 
global coordinate system, may be written as 
x 2 + l - pz2 = RI2 
where p is referred to as the 'pitch' and is given by 
p=(R2_RI2) /HI2 
The term 'hyperboloid' will henceforth be used to 
imply a 'hyperboloid of revolution of one sheet'. 
A hyperboloid is a 'ruled surface'. It may be 
generated by the rotation of a straight line (ruling 
line) about an axis (the z-axis, in the case of the 
hyperboloid of Fig 3.3.1). Actually, a hyperboloid 
has two families of ruling lines and a member of 
each family passes through every point of the 
hyperboloid. It should, however, be mentioned at 
this point that the hyperboloid being a ruled surface 
is an interesting mathematical fact but this does not 
normally have any major implications regarding the 
configuration processing of hyperboloidal forms. 
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The 'pitch' is a measure of the 'curvedness' of the 
hyperboloid. This is illustrated in Fig 3.3.2 where a 
part of a hyperboloid is shown with different pitches. 
When the pitch is equal to zero then the hyperboloid 
becomes a 'cylinder'. Furthermore, if the pitch IS 
negative and pi + R12 2 0 then the equation 
2 2 2 2 
x + y -pz =Rl 
represents an 'ellipsoid' rather than a hyperboloid. 
p=-O.05 p=O.O p=O.l p=O.2 
Fig 3.3.2 A part of a hyperboloid with different 
values for the pitch 
When Rl =0 then the hyperboloid becomes a conical 
surface, as shown in Fig 3.3.3. Also, when p=Rl =O 
then the hyperboloid becomes a cylinder of zero 
cross-section, that is, it becomes a line. 
p=O.O p=O.l p=O.2 
Fig 3.3.3 A part of a hyperboloid with R1 =0 and 
with different values for the pitch 
It should be noted that the pitch of a hyperboloid is a 
dimensionless quantity. This is in contrast with a 
hyperbolic paraboloid whose pitch has the dimension 
(lengthr', see Section 3.2. 
The most convenient reference system for the 
formulation of the compret of the tower of Fig 3.3.1 
is the hyperboloidal normat of Fig 3.3.4. This normat 
is similar to a cylindrical normat except that the 
normat surface is a hyperboloid rather than a 
19 
cylinder, see Section 1.8 of Ref 1 and Section 2.3 of 
Ref2. 
A formex formulation for the tower of Fig 3.3.1 
relative to the norm at of Fig 3.3.4 may be written as 
follows: 
E = rinit(10,5,2,2) I (lamit(0,-6) I 
[1,0,- 7; 1,-1,-6]#{(1,-1,-6; 1,1,-6], 
[1,0,-5; 1,2,-5]}) 
TOWER = bh(3,360/20,30/10,P) I E 
where 
P = (R 2 - R 1 2) I HI 2 = 0.1247 
jU3 
3-
2--
1_U1 (x) 
0-
-1-
U3(z) 
:U2 Y 
Fig 3.3.4 A hyperboloidal normat 
In the above formulation 
• lamit(0,-6) I [1,0,-7; 1,-1,-6]# 
{[1,-1,-6; 1,1,-6], [1,0,-5; 1,2,- 5]} 
represents the part of the tower shown by thick 
lines in Fig 3.3.4, 
• E represents the configuration of the tower 
relative to the UI-U2-U3 hyperboloidal normat 
of Fig 3.3.4 and 
• TOWER = bh(3,360/20,301l0,P) I E 
represents the configuration of the tower relative 
to the x-y-z Cartesian coordinate system of Fig 
3.3.4. 
The construct 
bh(3,360/20,30/10,P) 
is a 'basihyperboloidal retronorm' that transforms 
the UI-U2-U3 coordinates into x-y-z coordinates. 
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The general form of the basihyperboloidal retronorm 
is shown in Fig 3.3.5. 
The first canonic parameter of the basihyperboloidal 
retronorm, that is, b 1, is the scale factor in the Ul 
direction. This scale factor is given as 3 in the above 
formulation. The reason is that the normat surface in 
Fig 3.3.4 is chosen to correspond to Ul=1 and 
therefore all the U 1 coordinates in the above 
formulation are equal to 1. However, the actual value 
of the radius of the circumsurface at the neck IS 
Rl=3 m and, therefore, bl should be equal to 3. 
bh(bl,b2,b3,p) 
l L Lpitch factor for scaling in the third direction factor for scaling in the second 
direction 
factor for scaling in the first direction 
abbreviation for basihyperboloidal 
Fig 3.3.5 Basihyperboloidal retronorm 
The scale factor b2 of the retronorm is gIven as 
360/20 in the above formulation. The reason is that 
the 20 divisions (corresponding to 10 rhombic units) 
in the U2 direction of the hyperboloidal normat of 
Fig 3.3.4 should create a closed circle and, therefore, 
each division should correspond to 18°. The value is 
given as 360/20 rather than 18 to indicate how the 
value has been arrived at. 
The scale factor b3 of the retronorm is given as 
30/10 in the above formulation. The reason is that 
the 10 divisions (corresponding to 5 rhombic units) 
in the U3 direction in the normat of Fig 3.3.4 
correspond to the height of the tower which is 30 m. 
A basihyperboloidal retronorm transforms the U 1-
U2-U3 normat coordinates into x-y-z global 
Cartesian coordinates using the relations: 
x = cxcos (b2xU2) 
y = cxsin (b2xU2) 
z = b3 xU3 
where 
c = (px(b3 xU3)2 + (blxUl)2)1I2 
A generic version of the above discussed formulation 
for the hyperboloidal tower of Fig 3.3.1 is given in a 
Formian scheme in the editory display of Fig 3.3.6. 
This scheme may be used to generate a variety of 
tower configurations. For example, the towers shown 
in Fig 3.3 .7 are obtained using the scheme of Fig 
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3.3.6 with the indicated parameter values. An 
important point to be noted here is that the 'neck' of 
the tower may be 'beyond' the tower itself. There is 
nothing strange about this since the definition of the 
neck is in terms of the 'circumsurface' of the tower 
rather the tower itself and the circum surface of the 
tower extends to infinity. 
(*) Hyperboloidal tower of Fig 3.3.1 (*) 
H=30; (*) height of tower (*) 
H1=21; (*) height at the neck of tower (*) 
R=8; (*) radius at the base of tower (*) 
R1=3; (*) radius at the neck of tower (*) 
M=10; (*) number of sides of the base (*) 
N=5; (*) number of rhombic units in 
the vertical direction (*) 
B=-2*N*H1/H; P=(R"'2-R1 "'2)/H1 "'2; 
E=rinit(M,N,2,2) I (lamit(0,B+1) I 
[l,O,B; 1,-1,B+1j#{[1,-1,B+1; 1,1,B+1], 
[1,O,B+2; 1,2,B+2j}); 
TOWER= bh(R1,360/(2 *MJ,H/(2 *N),P) IE; 
use &,vm(2),vt(2), 
vh(10*R,10*R,-H1, 0,0,0, 0,0,1); 
clear; draw TOWER; 
<><><> 
Fig 3.3.6 A generic Formian scheme for the 
hyperboloidal tower of Fig 3.3.1 
H1=18 m H1=30 m H1=60 m 
Fig 3.3.7 Three variants of the tower of Fig 3.3.1 
with different values for the neck height and 
with H=24, R=6, R1=3, M=6 and N=4 
Another three variants of the tower of Fig 3.3.1 are 
shown in Fig 3.3 .8. The tower in Fig 3.3.8a is a 
cylindrical tower with Rl=R=4 m. In general, when 
the neck radius Rl is equal to the base radius R then 
the circumsurface of the tower will be a cylinder. 
The other two towers in Fig 3.3 .8 are 'conical 
towers' (tapered towers). In this case the neck radius 
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Rl is equal to zero and the circumsurface is a cone. 
In the case of the conical tower in Fig 3.3.8c, the 
neck height is equal to the overall height and this 
results in the tower having an 'apex'. 
(a) H1=18 m 
R1=4m 
Enlarged 
top part 
(b) H1=26 m 
R1=0 
(c) H1=18 m 
Rl=O 
Fig 3.3.8 Variants of the tower of Fig 3.3.1 with 
different values for the neck height and neck 
radius and with H=18, R=4, M=6 and N=3 
The presence of the apex creates a little 'problem'. 
Namely, the top ring of the elements of the tower 
'shrinks' to a 'point' with six 'null elements' of zero 
length. Also, the twelve side elements of the top 
storey of the tower tum into six 'coincident' pairs of 
elements. Therefore, it will be necessary to eliminate 
the superfluous null elements at the apex and the 
overlapping side elements of the top storey. This is 
achieved by adding the statement 
TOWER = pex I cop([O,O,O; 0,0,0]) I TOWER; 
just before the 'use statement' in the Formian 
scheme of Fig 3.3.6. 
The construct 
cop([O,O,O; 0,0,0]) 
in the above statement is a 'copactum function' that 
effects the removal of specified cantles of a formex, 
see Section 2.A.8 of Ref 2. The effect of the 
copactum function in the present example is to delete 
the six cantles of the formex variable TOWER that 
correspond to the null elements at the apex of the 
tower. The cantles corresponding to the superfluous 
overlapping elements of the top storey will then be 
eliminated by the pexum function in the above 
statement. 
Note that if the copactum function is removed from 
the above Formian statement then the pexum 
function will eliminate the cantles corresponding to 
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all the overlapping elements and all but one of the 
null elements. Thus, the pexum function alone will 
not be able to cope with the complete elimination of 
the superfluous elements. 
Incidentally, to find out the number of cantles of a 
formex that are eliminated by a particular operation, 
one may execute the statement(s) involving the 
operation twice, once with the operation included 
and once with the operation excluded. One may then 
obtain the 'order' (number of cantles) of the required 
formex variable from the 'variables box' after the 
first and second executions, see Section 1.5.6 of Ref 
1. The difference between the two values of the order 
will be the number of the eliminated cantles. For 
example, in the case of the conical tower of Fig 
3.3 .8c, if the scheme of Fig 3.3.6 is executed with 
and without the statement 
TOWER = pex I cop([O,O,O; 0,0,0)) I TOWER; 
then the order of the formex variable TOWER will 
be found to be 96 and 108, respectively. 
Question may arise regarding the necessity of the 
elimination of the overlapping and null elements. 
After all, these elements cannot be noticed 
graphically and, therefore, they may be regarded as 
'harmless' . The answer is that if the sole purpose of 
formulating a configuration is the production of a 
graphical effect then there is no real need for the 
elimination of superfluous parts that are not 
graphically noticed. However, in most cases, the 
formulation of a configuration is carried out with the 
aim of creating an accurate model for use in various 
analytical processes. In such cases, the presence of 
superfluous parts are normally unacceptable. 
Finally, it should be mentioned that there are certain 
similarities between some of the towers exemplified 
in the present section and those considered in 
Section 2.3 of Ref 2. However, the approaches in 
dealing with the formulation of tower configurations 
in these two sections are different with each 
approach having its own merits. 
3.3.1 Conical Domes 
The conical tower of Fig 3.3.8c may also be regarded 
as a 'dome', albeit, a dome with a rather large 'rise 
to span ratio'. Another 'conical dome' with more 
usual proportions for a dome is shown in Fig 3.3.9. 
The dome consists of 352 beam elements that are 
rigidly connected together at 129 nodes. The 
configuration of the conical dome of Fig 3.3.9 may 
be generated using the scheme of Fig 3.3.6 with 
Rl=O and with: 
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• H=H I =8 corresponding to a rise of 8m, 
• R=16 corresponding to a span of32 m, 
• M=16 corresponding to 16 rhombic units in the 
circumferential direction and 
• N=4 corresponding to 4 rhombic units along the 
sloping side of the dome. 
SideVie~ i 
02 
I. Span=32 m .1 
Fig 3.3.9 A conical dome 
(*) Conical dome of Fig 3.3.9 (*) 
H=8; (*) rise of dome (*) 
R=16; (*) radius at the base of dome (*) 
M=16; (*) number of rhombic units in the 
circumferential direction (*) 
N=4; (*) number of rhombic units along 
the sloping side (*) 
B=-2*N; P=R"'2!H"'2; 
E=rinit(M,N,2,2) I (lamit(0,B+1) I 
[l,O,B; 1,-1,B+1]#[1,-1,B+1; 1,1,B+111# 
rinit(M,N-1,2,2) I [1,0,B+2; 1,2,B+2); 
DOME=pex I bh(0,360/(2 *M),H/(2 *NJ,P) IE; 
use &,vm(2J,vt(2J, 
vh(3 *R,3 *R,4 *R, 0,0,0, 0,0,1); 
clear; draw DOME; 
<><><> 
Fig 3.3.10 A generic Formian scheme for the 
conical dome of Fig 3.3.9 
To obtain the conical dome configuration of Fig 
3.3.9 through the scheme of Fig 3.3.6, it will be 
necessary to include the statement 
TOWER = pex I cop([O,O,O; 0,0,0)) I TOWER; 
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just before the use statement, as discussed before. 
Also, to obtain the perspective view of the dome of 
Fig 3.3.9 it would be necessary to use the view helm 
vh(3R,3R,4R, 0,0,0, 0,0,1) 
A modified version of the scheme of Fig 3.3.6 that is 
suitable for the generation of conical domes is shown 
in the editory display of Fig 3.3.10. In this modified 
version, the formulation for the formex variable E is 
changed so that there will be no 'shrunk' central ring 
at the apex of the dome. As a result, there will be no 
need for the presence of the copactum function. 
However, the pexum function is still needed for the 
elimination of the overlapping radial elements at the 
centre. 
Typical side view 
Fig 3.3.11 Some conical domes generated using the 
scheme of Fig 3.3.10 with different formulations 
for the formex variable E 
The scheme of Fig 3.3.10 may be used to generate 
many variants of the dome of Fig 3.3.9 by changing 
the values of the parameters. Also, with different 
formulations for the formex variable E, the scheme 
of Fig 3.3.10 can be used to generate conical domes 
with different patterns of elements. Some examples 
of such domes are shown in Fig 3.3.11. The 
formulations for these domes are left to be carried 
our by the reader as exercise. 
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As another example consider the dome configuration 
whose perspective view together with a plan and side 
view is shown in Fig 3.3.12. This is an 'ovate conical 
dome' with an 'egg-shaped' plan view. 
Fig 3.3.12 An ovate conical dome 
(*) Ovate conical dome of Fig 3.3.12 (*) 
H=8; (*) rise of dome (*) 
R=16; (*) initial base radius (*) 
M=8; (*) circumferential frequency of 
rhombic units for half of 
the dome (*) 
N=6; (*) frequency ofrhombic units along 
the sloping side of the dome (*) 
T=1.5; (*) scale factor (*) 
B=-2*N; P=R'" 2/H'" 2; 
E=rinit(M,N,2,2) llamit(1,B+1) 1 
[l,l,B; 1,0,B+1]; 
D=verad(O,O) 1 bh(O, 180/(2 *M),H/(2 *N),P) 1 E; 
DOME=pexl (D#dil(l,T) Iref(l,O) ID); 
use &,vm(2),vt(2),vh(0,-5 *R,4 *R, 0,0,0, 0,0,1); 
clear; draw DOME; 
<><><> 
Fig 3.3.13 A generic Formian scheme for the 
ovate conical dome of Fig 3.3.12 
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The approach in generating the configuration of an 
ovate conical dome is the same as that used in 
Section 1.9 of Ref 1 and Section 2.5 of Ref 2. In this 
approach, one half of the dome is generated first and 
the other half is obtained as a scaled reflection of the 
first half. A generic F ormian scheme for the 
configuration of the ovate conical dome of Fig 
3.3.12 is shown in Fig 3.3.13. 
3.3.2 Hyperboloidal Barrel Vaults 
Consider the barrel vault a perspective view of which 
together with the plan view, side view and front view 
is shown in Fig 3.3.14. 
36 m 
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Fig 3.3.14 A hyperboloidal barrel vault 
The barrel vault consists of 604 beam elements that 
are rigidly connected together at 221 nodes. The 
circum surface of the barrel vault is a hyperboloid 
with its neck being at the middle of the barrel vault. 
The radii of the cross-sections of the circumsurface 
at the middle and the gable ends of the barrel vault 
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are 12 m and 15 m, respectively. The length of the 
barrel vault is 36 m and its 'sweep angle' is 50°. The 
sweep angle of the barrel vault is denoted by A in 
Fig 3.3.15. This figure shows a cross-section of the 
hyperboloidal circumsurface of the barrel vault. The 
sweep angle is half the central angle that 'contains' 
the barrel vault. Also shown in Fig 3.3.15 are the 
relations between the span S, rise H, sweep angle A 
and radius Rc at any position along the barrel vault, 
see Section 1.8 of Ref 1. 
Barrel vault Rise 
'" ---l:-H /< 
~(span) ALSweep Rc angle (Radius of 
circumsurface) 
S=2 Rc sin A 
H=Rc (1-cos A) 
A = 2 arctan 2H 
S 
Rc=-S-
2 sin A 
Fig 3.3.15 Cross-section of the hyperboloidal 
circumsurface at any position along 
the barrel vault of Fig 3.3.14 
Normat 
surface 
corres-
ponding 
to U1=1 
Fig 3.3.16 A hyperboloidal normat together with 
a part of the configuration of the barrel 
vault of Fig 3.3.14 
A suitable reference system for the formulation of 
the configuration of the barrel vault of Fig 3.3.14 is 
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given in Fig 3.3.16. This is a hyperboloidal normat 
which is shown together with a part of the barrel 
vault of Fig 3.3.14. A formex formulation for the 
configuration of the barrel vault relative to the 
norm at of Fig 3.3.16 may be written as follows: 
E = pex Ilamit(O,O) I rinit(6,8,1,1) I 
(rosat(0.5,0.5) I [1,0,0; 1,1,0]#[ 1 ,0,0; 1,1,1]) 
F = bh(l2,50/6,36116,0.25) I E 
VAULT = verad(O,O) IF 
In the above formulation 
• rosat(0.5,0.5) I [1,0,0; 1,1,0]#[1,0,0; 1,1,1] 
represents the part of the configuration that is 
shown by thick lines in Fig 3.3.16, 
• rinit(6,8,1,1) I 
(rosat(0.5,0.5) 1[1,0,0; l,l,0]#[1,0,0; 1,1,1]) 
represents one quarter of the barrel vault, as 
shown in Fig 3.3.16, 
• the formex variable E represents the whole of the 
barrel vault relative to the UI-U2-U3 normat of 
Fig 3.3.16, 
• the formex variable F represents the 
configuration of the barrel vault relative to the x-
y-z global coordinate system and 
• the formex variable V AUL T represents the 
configuration of the barrel vault, placed in a 
convenient position with respect to the x-y-z 
coordinate system, that is, with the y-axis 
passing through the centre point of the barrel 
vault (rather than the x-axis). 
(*) Hyperboloidal barrel vault of Fig 3.3.14 (*) 
L=36; (*) length of barrel vault (*) 
R=15; (*) radius at a gable end (*) 
R1=12; (*) central radius (*) 
A=50; (*) sweep angle (*) 
M=6; (*) circumferential semifrequency (*) 
N =8; (*) longitudinal semifrequency (*) 
P=(R A 2-R1 A 2)/(L/2) A 2; 
E=pex Ilamit(O,O) I rinit(M,N, 1, 1) I 
(rosat(0.5,0.5) I [1,0,0; 1,1,0]#[1,0,0; 1,1,1]); 
F=bh(R1,NM,L/(2*N),P) IE; 
VAULT=verad(O,O) IF; 
use &,vm(2),vt(2),vh(R,4*R,-L, O,O,R, O,l,R); 
clear; draw VAULT; 
<><><> 
Fig 3.3.17 A generic Formian scheme for the 
hyperboloidal barrel vault of Fig 3.3.14 
In the above basihyperboloidal retronorm, that is, 
bh(12,50/6,36116,0.25) 
• the scale factor in the U 1 direction is given as 
12, because the normat surface used for the 
formulation corresponds to Ul =1 and the actual 
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radius of the circumsurface at the middle of the 
barrel vault is 12 m, 
• the scale factor in the U2 direction is given as 
50/6, because the sweep angle is 50° and this 
corresponds to six divisions in the U2 direction, 
• the scale factor in the U3 direction is given as 
36116, because the overall length of the barrel 
vault is 36 m corresponding to 16 divisions 
along the U3 direction and 
• the pitch is given as 0.25. 
The pitch is obtained using the relation 
(R 2 - Rl 2) / (L/2)2 
as discussed in Section 3.3, where R is the radius at a 
gable end, Rl is the radius at the middle and L is the 
length of the barrel vault. 
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Fig 3.3.18 An ellipsoidal barrel vault obtained 
using the scheme of Fig 3.3.17 with 
R=12 and R1=15 
A generic version of the above formulation for the 
barrel vault of Fig 3.3 .14 is given in a Formian 
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scheme in the editory display of Fig 3.3.17. In this 
scheme, the term 'semifrequency' used in describing 
parameters M and N implies 'frequency for half the 
range'. 
The scheme of Fig 3.3 .17 can be used to generate a 
variety of hyperboloidal barrel vaults by choosing 
different values for the parameters L, R, R1, A, M 
and N. In particular, 
• ifR = R1 then the resulting configuration will be 
a cylindrical barrel vault and 
• if R < R 1 then the resulting configuration will be 
an ellipsoidal barrel vault. 
An example of an ellipsoidal barrel vault is shown in 
Fig 3.3.18. The values of the parameters for this 
ellipsoidal barrel vault are the same as those in the 
scheme of Fig 3.3.17 except for the gable end and 
central radii of the circumsurface that are given as 
R=12 m and R1 = 15 m, respectively. 
Now, reconsider the normat surface corresponding to 
U 1 = I used for the formulation of the barrel vault of 
Fig 3.3.14, as shown in Fig 3.3.16. A view of this 
normat surface is shown in Fig 3.3.19. Also shown 
in this figure in the position of the barrel vault of Fig 
3.3.14 with respect to the normat surface. 
Neck " 
position 
Normat surface 
corresponding 
to U1=1 
U3 
A 
-----.- - ---
-,' 
Position of barrel 
vault with a shift 
of 8 divisions 
Position of 
barrel vault 
of Fig 3.3.14 
Fig 3.3 .19 A part of the normat surface for the 
barrel vault of Fig 3.3.14 
Now, suppose that the barrel vault is shifted 
(translated) in the U3 direction by 8 divisions before 
the application of the retronormic transformation. 
This will bring the front gable end of the barrel vault 
to the position of the neck of the normat surface. The 
configuration will then assume a shape that fits the 
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form of the part of the normat surface it 'resides' on. 
This 'shifting' process provides a mechanism for 
producing a variety of barrel vault shapes. 
A modified version of the scheme of Fig 3.3.17 that 
incorporates the shift operation is shown in the 
editory display of Fig 3.3.20. In this scheme, the 
amount of shift is given by the parameter T and the 
shift operation is effected by the statement 
F = tran(3,T) I E; 
Some barrel vault configurations corresponding to 
different values for the parameter T are shown in Fig 
3.3.21. The barrel vault in Fig 3.3.21a is identical in 
all respects to that in Fig 3.3.14 except for the 
pattern of the beam elements. The change in the 
pattern is brought about by replacing the function 
lamit(O,O) 
in the formulation of the formex variable E in the 
scheme of Fig 3.3.17 by the function 
rinit(2,2,-M,- N) 
in the scheme of Fig 3.3 .20. 
(*) Shifted hyperboloidal barrel vaults (*) 
L=36; (*) length of barrel vault (*) 
Rn=12; (*) neck radius of circumsurface (*) 
P=0.25; (*) pitch of circumsurface (*) 
A= 50; (*) sweep angle of barrel vault (*) 
T=O; (*) longitudinal shift (*) 
M=6; (*) circumferential sernifrequency (*) 
N=8; (*) longitudinal sernifrequency (*) 
E=pex I rinit(2,2,-M,-N) I rinit(M,N, 1,1) I 
(rosat(0 .5,0.5) I [1,0,0; 1,1,0]#[1,0,0; 1,1,1]); 
F=tran(3, T) IE; 
G=bh(Rn,NM,U(2*N) ,P) IF; 
VAULT=verad(O,O) IG; 
use &,vm(2),vt(2),vh(L,3*L,-L, O,O,L, 0,1,L) ; 
clear; draw VAULT; 
Z1=(-N+T)*U(2*N); Z2=(N+T)*U(2*N); 
Rg1=sqrtl(P*Z1 "'2+Rn"'2); 
Rg2=sqrtl (P*Z2 '" 2+Rn '" 2); 
Span1=2*Rg1 *sin IA; Span2=2*Rg2 *sinIA; 
Rise1=Rg1 *(1-cos IA); Rise2=Rg2*(1-cos IA); 
give Span1,Span2,Rise1,Rise2; 
<><><> 
Fig 3.3 .20 A Forrnian scheme for the generation 
of shifted hyperboloidal barrel vaults 
The configurations in Fig 3.3.21 are examples of 
barrel vault shapes that may be obtained by utilising 
different regions of the normat surface. Another two 
examples are shown in Fig 3.3.22. These are conical 
barrel vaults that are obtained by letting the neck 
radius of the circum surface equal to zero. 
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(a) T=O 
Initial 
position 
(c) T=8 
Equivalent to 
a shift of 18 ill 
Fig 3.3.21 Some hyperboloidal barrel vaults 
obtained using the scheme of Fig 3.3.20 
(b) T=20 
Equivalent to 
a shift of 45 ill 
Fig 3.3.22 Two conical barrel vaults obtained using 
the scheme of Fig 3.3.20 with Rn=O 
Incidentally, anyone of the barrel vault shapes 
considered in the present section can be utilised for a 
'shell' . In such a case, the elements will be 
formulated as 'finite elements' rather than 'line 
elements'. For instance, to formulate the elements in 
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the barrel vaults of Figs 3.3.21 and 3.3.22 as 
triangular finite elements, the formex variable E in 
the scheme of Fig 3.3.20 should be replaced by 
E = rinit(2,2,-M,-N) I rinit(M,N,l,l) I 
{[1,0,0; 1,0,1; 1,1,1], [1,0,0; 1,1,1; 1,1,0]}; 
The attention is now turned to the consideration of 
the part of the scheme of Fig 3.3.20 that consists of 
the last seven lines. The role of this part of the 
scheme is to calculate and display the spans and rises 
of the gable ends of the barrel vaults. The procedure 
is as follows: Firstly, the z coordinate at the 1 sl gable 
end (the gable end with smaller z coordinate) is 
obtained as 
Zl = (-N+T)Ll2N 
The next step is to find the radius of the cross-
section of the hyperboloidal circumsurface at the 1 sl 
gable end. To obtain this radius, which is denoted by 
Rg 1, one may begin with the equation of the 
circum surface which is 
2 2 2 2 
x +y -pz =Rn 
as discussed in Section 3.3. The intersection of the 
circumsurface with the plane 
z =Zl 
is a circle whose equation is obtained by substituting 
the values of z and p into the equation of the 
circumsurface, that is, 
x
2 +/=PZI2+Rn2 
The right-hand side of this equation is equal to the 
square of the radius of the circle. That is, the right-
hand side is equal to Rg 1 2 and, therefore, 
Rgl = (PZ1 2 + Rn2)112 
Having obtained the radius Rg 1, the span at the first 
gable end is found to be 
Span1 = 2 Rg1 sin A 
as given by the first equation in Fig 3.3.15. Also, the 
rise at the 151 gable end is found to be 
Risel = Rg1 (1 - cos A) 
as given by the second equation in Fig 3.3.15. 
Similar calculations may be carried out to find the 
span and rise at the 2nd gable end. These are 
represented, respectively, by the variables Span2 and 
Rise2 in the scheme of Fig 3.3.20. 
The last statement in the scheme of Fig 3.3.20 has 
the effect of displaying a 'give box' that lists the 
values of the variables Span1, Span2, Rise1 and 
Rise2. For example, the execution of the scheme of 
Fig 3.3.20 with a shift ofT=16 (corresponding to the 
barrel vault of Fig 3.3 .21 e) will result in the display 
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of the give box shown in Fig 3.3.23. It is seen that 
the span and rise at the 1'( gable end are 22.981 m 
and 5.358 m, respectively, and those at the 2nd gable 
end are 45.268 m and 10.554 m, respectively. 
Give ~ 
Span1 = 2.298133E+001 
Span2 = 4.526798E+001 
Rise1 = 5.358186E+000 
Rise2 = 1.055440E+001 
I Echo to editory I I Cancel I 
Fig 3.3.23 Give box listing the values of spans 
and rises of the gable ends of the 
barrel vault of Fig 3.3.21e 
3.3.3 Double Layer Hyperboloidal 
Forms 
Consider the barrel vault a perspective view of which 
is shown in Fig 3.3.24. This is an example of a 
double layer hyperboloidal form. The top layer, web 
and bottom layer elements of the barrel vault of Fig 
3.3.24 are also shown separately on the right of the 
figure. These are indicated by T, Wand B, 
respectively. 
A 
• 
• J( 
Fig 3.3.24 A double layer hyperboloidal barrel vault 
with the top layer, web and bottom layer 
elements shown separately on the right 
The top layer of the barrel vault has a hyperboloidal 
circumsurface. The neck of this circumsurface is at 
the middle of the barrel vault with the neck radius 
being Rtn=12 m. The radius of the top circumsurface 
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at the gable ends is Rtg= 18 m. The length of the top 
layer of the barrel vault is L=36 m and its sweep 
angle is 60°. The pitch of the top circumsurface of 
the barrel vault is found to be 
P = (Rtg 2 - Rtn 2)/(Ll2)2 = 0.556 
The bottom layer of the barrel vault of Fig 3.3.24 has 
also a hyperboloidal circumsurface which is coaxial 
with the circumsurface of the top layer and its neck 
is at the middle of the barrel vault. The pitch of the 
circumsurface of the bottom layer is the same as that 
of the top layer and the radius of the circumsurface at 
the central bottom nodes (indicated by four dots in 
Fig 3.3.24) is Rbc=10 m. This implies that the neck 
radius of the circumsurface of the bottom layer is 
slightly less than 10m. 
A Formian scheme for the generation of the 
configuration of the barrel vault of Fig 3.3.24 is 
shown in the editory display of Fig 3.3.25. The 
formulation in this scheme follows the same 
approach as discussed for the hyperboloidal barrel 
vault of Fig 3.3.14 and used in the scheme of Fig 
3.3.17. 
(*) Double layer barrel vault of Fig 3.3 .24 (*) 
L=36; (*) length of top layer (*) 
Rtg=18; (*) top gable end radius (*) 
Rtn=12; (*) top neck radius (*) 
Rbc=10; (*) radius at central bottom nodes (*) 
A=60; (*) sweep angle of top layer (*) 
M=4; (*) circumferential top semifrequency (*) 
N=6; (*) longitudinal top semifrequency (*) 
P=(Rtg A 2-Rtn A 2)/(1/2) A 2; 
Et=pexllamit(O,O) Irinit(M,N,2,2) I 
rosat(l,l) I [Rtn,O,O; Rtn,2,0]; 
Eb=pex Ilamit(O,O) I rinit(M,N,2,2) I 
rosat(O,O) I [Rbc,-l,-l; Rbc,l,-l]; 
Ew=lamit(O,O) Irinit(M,N,2,2) I 
rosat(l,l) I [Rtn,O,O; Rbc,l,l]; 
F=bh(1,N(2*MJ,1/(4*NJ,P) I (Et#Eb#Ew); 
VAULT=verad(O,O) IF; 
use &,vm(2J,vt(2),vh(0,4*L,-2*L, O,O,L, O,l,L); 
clear; draw VAULT; 
<><><> 
Fig 3.3.25 A generic Formian scheme for the 
double layer barrel vault of Fig 3.3.24 
Now, consider the curves shown in Fig 3.3.26. These 
curves are the intersections of a vertical plane that 
contains the ridge AA of the barrel vault of Fig 
3.3.24 with the circumsurfaces ofthe top and bottom 
layers of the barrel vault. 
It may be seen from Fig 3.3.26 that the distance 
between the top and bottom layers of the barrel vault 
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of Fig 3.3.24 varies in the longitudinal direction. 
Also, it may be seen that the distance between the 
two layers becomes gradually smaller as one moves 
from the centre towards the gable ends. 
Intersection with 
the circumsurface 
of the top layer 
A I 
36m 
Intersection with 
the circumsurface 
of the bottom layer yA 
Fig 3.3.26 Intersections of a vertical plane that 
contains the ridge AA of the barrel vault of 
Fig 3.3.24 with the circumsurfaces of the 
top and bottom layers of the barrel vault 
This is a consequence of a characteristic property of 
hyperboloidal surfaces, as illustrated in Fig 3.3.27. 
This figure shows the longitudinal cross-sections of a 
family of coaxial hyperboloidal surfaces with the 
neck radius Rn ranging from 0 to 12 unit length and 
with the pitch being equal to 0.5 for all the surfaces. 
It is seen that, throughout the range, there is the 
tendency for the distance between the neighbouring 
surfaces to diminish as one moves away from the 
centre. This tendency is decreased with increasing 
neck radius Rn and is increased with increasing 
pitch. 
Pitch=0.5 
Fig 3.3.27 Longitudinal cross-sections of a family of 
coaxial hyperboloidal surfaces with the neck radius 
Rn ranging from 0 to 12 unit length and with the 
pitch being equal to 0.5 for all of the surfaces 
Returning to the discussion of the barrel vault of Fig 
3.3 .24, one way of avoiding the restrictive 
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interdependence of the shapes of the two layers is to 
allow the layers to have different pitches. A Fonnian 
scheme for the generation of the configuration of a 
double layer hyperboloidal barrel vault similar to the 
one in Fig 3.3.24 but with different pitches for the 
top and bottom layers is given in the editory display 
of Fig 3.3 .28. 
(*) Double layer hperboloidal barrel vault with 
different pitches for the top and bottom layers (*) 
L=36; (*) length of top layer (* ) 
Rtg=18; (*) top gable end radius (* ) 
Rtn=12; (*) top neck radius (* ) 
Rbg=16; (*) bottom gable end radius (*) 
Rbc=lO; (*) radius at central bottom nodes (*) 
A=60; (*) sweep angle of top layer (*) 
M=4; (*) circumferential top semifrequency (* ) 
N=6; (*) longitudinal top sernifrequency (*) 
Pt=(Rtg '" 2-Rtn '" 2)/(U2) '" 2; 
Pb=(Rbg '" 2-Rbc '" 2)/((U2) '" 2-(L/(4*N)) '" 2) ; 
Et=pex Ilamit(O,O) I rinit(M,N,2,2) I 
rosat(l,l) I [Rtn,O,O; Rtn,2,Oj ; 
Eb=pex Ilamit(O,O) I rinit(M,N,2,2) I 
rosat(O,O) I [Rbc,-l,-l ; Rbc, l,-lj; 
Ew=lamit(O,O) Irinit(M,N,2,2) I 
rosat(l,l) I [Rtn,O,O; Rbc, l,lj; 
F=bh(1,N(2*M) ,U(4*N) ,Pt) I (Et#Eb#Ew); 
G=verad(O,O) IF; 
Jb=medIEb; 
Jb1 =verad(O,O) I bh(1,N(2 *M),U(4*N),Pt) IJb ; 
Jb2=verad(O,O) Ibh(1 ,N(2*M),U(4*N) ,Pb) IJb; 
VAULT=nov(1 ,Jb1,Jb2) I G; 
use &,vm(2),vt(2),vh(0,4 *L,-2 *L, O,O,L, O,l ,L); 
clear; draw VAULT; 
<><><> 
Fig 3.3.28 A generic Formian scheme for the 
generation of the configuration of a double layer 
hyperboloidal barrel vault with different pitches 
for the top and bottom layers 
The fonnulation in the scheme of Fig 3.3.28 
proceeds in the same way as in the scheme of Fig 
3.3.25 except for the additional parameter Rbg that 
represents the gable end radius of the circumsurface 
of the bottom layer and the introduction of two pitch 
values Pt and Pb for the circumsurfaces of the top 
and bottom layers, respectively. A point that must be 
made clear here is that the gable end radius of the 
circumsurface of the bottom layer, that is, Rbg, 
corresponds to the positions of the gable ends of the 
top layer rather than the positions of the end arches 
of the bottom layer. 
The value of the formex variable G in the scheme of 
Fig 3.3.28 is identical to that of formex variable 
VAULT in the scheme of Fig 3.3.25. The fonnex 
variable G in the scheme of Fig 3.3.28 is then 
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modified in such a way that the bottom layer of the 
barrel vault assumes a different pitch. This pitch is 
represented by Pb. 
The part of the scheme of Fig 3.3.28 that changes the 
pitch of the bottom layer is: 
Jb = med I Eb; 
Jbl = verad(O,O) I bh(l,A/(2*M),L!(4*N),Pt) I Jb; 
Jb2 = verad(O,O) I bh(l,AI(2*M),L!(4*N),Pb) I Jb; 
V AUL T = nov(1 ,Jb 1 ,Jb2) I G; 
The effect of the statement 
Jb = med I Eb; 
is to produce an ingot that represents the nodes of the 
bottom layer of the barrel vault (An ingot is a formex 
whose cantles are signets). The term 'med' in the 
above statement is the 'medulla function' that creates 
a list of the distinct signets of its argument, as 
explained in Section 2.A.14 of Ref 2. The ingot Jb 
has as many cantles as there are nodes in the bottom 
layer of the barrel vault. A typical cantle of Jb is of 
the form 
[UI,U2,U3] 
where Ul, U2 and U3 are the normat coordinates of 
a node of the bottom layer of the barrel vault. 
The effect of the statement 
Jbl = verad(O,O) I bh(1,AI(2*M),L!(4*N),Pt) I Jb; 
is to transform Jb into an ingot Jb I that represents all 
the bottom layer nodes in G. A typical cantle of Jbl 
is of the form 
[x,y,Z] 
where x, y and z are the global Cartesian coordinates 
of a node of the bottom layer with the pitch of the 
circumsurface being 
Pt = (Rtg 2 - Rtn 2)/(L/2)2 
The effect of the statement 
Jb2 = verad(O,O) I bh(I,A/(2*M),L!(4*N),Pb) I Jb; 
is similar to that of the statement for creating Jb 1 
except that in this case the nodal coordinates 
represented by Jb2 correspond to the pitch 
Pb = (Rbg 2 - Rbc 2)/«L/2)2 - (L/4N)2) 
This equation is based on the general rule 
p = (R1 2 _ R22)/(zI2 _ z22) 
where p is the pitch of a hyperboloid and where RI 
and R2 are the radii of two cross-sections of the 
hyperboloid corresponding to z coordinates zl and 
z2, respectively. 
Finally, the statement 
VAULT = nov(I,Jbl,Jb2) I G; 
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produces the formex VAULT representing the 
required modified form of the barrel vault. This 
formex is obtained by replacing every signet of G 
that is equal to a signet of Jb 1 by the corresponding 
signet of Jb2. In the modified barrel vault, the pitch 
of the top layer remains as Pt but the pitch of the 
bottom layer becomes Pb. The modification is 
effected by the novation function 
nove 1 ,Jb 1 ,Jb2) 
as explained in Section 2.A.IS ofRef2. 
The execution of the scheme of Fig 3.3.28 will result 
in the generation of a double layer hyperboloidal 
barrel vault similar to the one shown in Fig 3.3.24. 
However, when the barrel vault is generated by the 
scheme of Fig 3.3.28, there will be more control over 
the relative positions of the top and bottom layers of 
the barrel vault. This is illustrated in Fig 3.3.29, 
where the central longitudinal cross-sections of the 
top and bottom circumsurfaces of the barrel vault are 
shown for some values of the parameter Rbg. 
The pitch of the circumsurface 
of the top layer is Pt=O.556 in 
all the four cases 
Rbg=17 m (Pb=O.587) 
Rbg=16 m (Pb=0.485) 
Rbg=15 m (Pb=O.389) 
Rbg=14 m (Pb=O.298) 
Fig 3.3.29 Central longitudinal cross-sections of 
the circumsurfaces of the top and bottom 
layers for different values of the gable end 
radius of the bottom layer 
In Fig 3.3.29, the distance between the two 
circumsurfaces at the centre is the same for all the 
four cases. However, the distance between the two 
surfaces at the ends varies from case to case as 
shown. 
The technique involving the novation function as 
employed in the scheme of Fig 3.3.28 may also be 
used in any other situation when it is required to 
impose a particular shape or position on a part of a 
configuration. 
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As a general point concerning hyperboloidal forms, 
it should be noted that all the hyperboloidal forms 
considered in the present work were based on 
'hyperboloids of revolution'. In the case of a 
hyperboloid of revolution, the cross-sections that are 
perpendicular to the longitudinal axis of the 
hyperboloid are circular. However, in the case of a 
general hyperboloid, these cross-sections are 
elliptical. In dealing with a hyperboloidal form that 
is based on a general elliptical hyperboloid, it will be 
convenient to start by formulating the configuration 
in terms of a hyperboloid of revolution. The 
transformation of the resulting form into the form 
that corresponds to the elliptical hyperboloid may 
then be achieved by simple scaling. 
3.4 ANNULAR FORMS 
The aim in this section is to discuss the configuration 
processing of a number of annular structural forms. 
An 'annular form' is a configuration that follows the 
form of (a part of) an annular surface. An 'annular 
surface', which is also called a 'torus', is a doughnut 
shaped surface that may be generated by rotating a 
circle about an axis that is in the plane of the circle 
but does not intersect the circle. 
Three examples of annular forms are shown in Fig 
3.4.1. These are barrel vault configurations each of 
which consists of 214 line elements that are 
connected together at 119 nodes. 
Fig 3.4.1 Some annular barrel vaults 
The nodal points of the barrel vaults of Fig 3.4.1 lie 
on an annular surface that is referred to as the 
'circumsurface' of the barrel vaults. This annular 
surface is shown in Fig 3.4.2 together with the barrel 
vaults. Barrel vault A is situated in the 'outer region' 
of the annular surface, with the central curve of the 
barrel vault being coincident with the 'outer ridge' of 
the surface. This will give the barrel vault a form that 
is convex in two directions. Barrel vault B is situated 
in the 'inner region' of the annular surface, with the 
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central curve of the barrel vault being coincident 
with the 'inner ridge' of the surface. This will give 
the barrel vault a saddle shape that is convex in one 
direction and concave in the other direction. Barrel 
vault C is situated in a 'side region' of the annular 
surface, with the central curve of the barrel vault 
being coincident with a 'side ridge' of the surface. 
This will give the barrel vault a curved cylindrical 
form. 
". B .... \. 
............... ' ... ''' " 'Side ridge 
Fig 3.4.2 Circumsurface of the barrel vault 
configurations of Fig 3.4.1 
A barrel vault of form A shown in Figs 3.4.1 and 
3.4.2 is referred to as an 'outbent annular barrel 
vault', a barrel vault of form B is referred to as an 
'inbent annular barrel vault' and a barrel vault of 
form C is referred to as a 'sidebent annular barrel 
vault' . 
Annular surface 
~ 
Central 
curve of 
annular-"""':' 
surface 
z 
U3 
U4 
Fig 3.4.3 General form of an annular normat 
y 
The most convenient reference system for the 
formex formulation of an annular configuration is an 
'annular normat'. The general form of an annular 
normat is shown in Fig 3.4.3. 
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The posItion of a point P, relative to the annular 
normat of Fig 3.4.3, may be specified by a sequence 
of four normat coordinates Ul, U2, U3 and U4. The 
first normat coordinate Ul is the radius of a circle 
that lies in the x-y plane of the global Cartesian 
coordinate system, with the centre of the circle being 
at the origin. This circle is the central curve of an 
annular surface (torus) that contains point P. The Ul 
axis is collinear with the x axis. The second normat 
coordinate U2 is the angle between the Ul axis and 
the line that passes through the origin and point 0, 
where ° is the centre of the cross-section of the 
annular surface that passes through point P. This 
cross-section is a circle that lies in a plane 
perpendicular to the central curve of the annular 
surface. The third normat coordinate U3 is the radius 
of the cross-section of the annular surface, with the 
direction of the U3 axis being parallel to the z axis of 
the global coordinate system. The fourth normat 
coordinate U4 is the angle between the U3 axis and 
lineOP. 
Annular surface Second radial "-- U3 
~ 
.... -~~~~~~~~. V7: 
"'Second CirCUmf~;entialX ...-
direction 
First radial ", 
" U2 First circumferential direction 
Fig 3.4.4 Names of different directions in an 
annular normat 
It is to be noted that all the normats encountered in 
the discourse so far involve no more than three 
directions, see Sections 1.2.1, 1.7, 1.8 and 1.9 of Ref 
1, Sections 2.5 and 2.A.Il of Ref 2 and Sections 3.2 
and 3.3 of the present paper. However, an annular 
normat involves four directions. The first and third 
directions in an annular normat are linear directions 
and are referred to as the first and second 'radial 
directions', respectively. The second and fourth 
directions in an annular normat are angular 
directions and are referred to as the first and second 
'circumferential directions', respectively, as shown 
in Fig 3.4.4. 
As an example of formex formulation for an annular 
form, consider the formulation of the sidebent barrel 
vault shown in Fig 3.4.5. This barrel vault is shown 
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together with an annular normat whose surface is the 
circumsurface of the barrel vault. The sidebent 
annular barrel vault of Fig 3.4.5 has 76 line elements 
that are connected together at 45 nodes. The 'first 
radius' R of the barrel vault is 100 m and the 'second 
radius' Q is 36 m. The 'first central angle' T1 of the 
barrel vault is 55°. This is the angle that contains the 
barrel vault in the first circumferential direction U2. 
The 'second central angle' T2 is 75°. This is the 
angle that contains the barrel vault in the second 
circumferential direction U4. The graduations along 
the U2 and U4 directions of the annular normat of 
Fig 3.4.5 are chosen to suit the positions of the 
elements of the barrel vault. 
T1 
R 
R=100 m 
Q=36m 
Tl=55° 
T2=75° 
o 
Fig 3.4.5 An annular barrel vault together with an 
annular normat 
The formex formulation of the barrel vault with 
respect to the annular normat of Fig 3.4.5 may be 
carried out as follows: 
E = rinic(2,4,8,5,I,I) I 
[100,0,36,-2; 100,1,36,-2]# 
rinic(2,4,9,4,I,I) I 
[100,0,36,-2; 100,0,36,-1] 
F = ba(1,55/8,1,75/4) I E 
In this formulation 
• (100,0,36,- 2; 100,1,36,-2] 
represents the element indicated by e 1 III Fig 
3.4.5, 
• [100,0,36,-2; 100,0,36,-1] 
represents the element indicated by e2 in Fig 
3.4.5, 
• rinic(2,4,8,5, 1,1) I 
(100,0,36,- 2; 100,1,36,-2] 
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represents all the elements of the barrel vault 
that are in the U2 direction and 
• rinic(2,4,9,4,1,1) I 
[100,0,36,-2; 100,0,36,-1] 
represents all the elements of the barrel vault 
that are in the U4 direction. 
The 'rinic function' used above is a member of the 
rindle family of functions effecting translational 
replications. The rinic function is described in 
Section 2.A.4 (Table 2.A.3) of Ref 2. In the above 
formex formulation, the rinic function 
rinic(2,4,8,5, 1,1) 
is equivalent to 
rin(4,5,1) I rin(2,8,1) 
and the rinic function 
rinic(2,4,9,4,1,1) 
is equivalent to 
rin(4,4,1) I rin(2,9,1) 
The formex variable E In the above formex 
formulation represents the whole configuration of 
the barrel vault of Fig 3.4.5 relative to the indicated 
U1-U2-U3-U4 annular normat. The configuration of 
the barrel vault relative to the x-y-z global Cartesian 
coordinate system is given by 
F = ba(1,55/8,1,75/4) I E 
The construct 
ba(1 ,55/8, 1 ,75/4) 
is a 'basiannular retronorm' that transforms the U1-
U2-U3-U4 normat coordinates into x-y-z global 
coordinates. The general form of the basiannular 
retronorm is shown in Fig 3.4.6. 
ba(bl,b2,b3,b4) 
l L L factor for scaling in the fourth direction factor for scaling in the third direction factor for scaling in the second 
direction 
factor for scaling in the first direction 
abbreviation for basiannular 
Fig 3.4.6 Basiannular retronorm 
The first canonic parameter of the basiannular 
retronorm is denoted by b 1. This is the scale factor 
for the normat coordinates along the first radial 
direction U 1. In the formex formulation for the 
barrel vault of Fig 3.4.5, the scale factor b1 is given 
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as 1. The reason is that in the formulation of the 
formex variable E, the actual value of the first radius 
R, that is, 100 m, is taken into account and, therefore, 
no further scaling in the U1 direction is required. 
The second canonic parameter of the basi annular 
retronorm in Fig 3.4.6 is denoted by b2. This 
parameter is an angular scale factor for the normat 
coordinates in the first circumferential direction U2. 
In the formulation for the example of Fig 3.4.5, the 
scale factor b2 is given as 55/8. The reason is that 8 
divisions in the U2 direction must cover the central 
angle T1, which is equal to 55°. Therefore, every 
division along U2 should correspond to 55/8 
degrees. 
The third canonic parameter b3 of the basiannular 
retronorm is the scale factor for the normat 
coordinates along the second radial direction U3. In 
the case of the example of Fig 3.4.5, the scale factor 
b3 is given as 1. The reason is that in the formulation 
for the formex variable E, the actual value of the 
radius Q, that is, 36 m, is taken into account and, 
therefore, no further scaling in the U3 direction is 
necessary. 
The last canonic parameter b4 of the basiannular 
retronorm is an angular scale factor for the second 
circumferential direction U4. In the formulation for 
the example of Fig 3.4.5, the scale factor b4 is given 
as 75/4. The reason is that 4 divisions in the U4 
direction must cover the central angle T2, which is 
equal to 75°. Therefore, each division along the U4 
direction should correspond to 75/4 degrees. 
The effect of the basiannular retronorm 
ba(b 1 ,b2,b3,b4) 
is to transform the U1-U2-U3-U4 coordinates of a 
point into the corresponding x-y-z coordinates of the 
point using the relations 
x = (b1xU1+b3xU3xsin (b4xU4))xcos (b2xU2) 
y = (b1xU1+b3xU3xsin (b4xU4))xsin (b2xU2) 
z = b3xU3xcos (b4xU4) 
It is interesting to note that when 
b1xU1 = ° 
then the above relations become the rules of 
transformation for a basispherical retronorm, with 
U3 assuming the role of U1 and U4 assuming the 
role ofU3 in the spherical system, see Section 1.9 of 
Ref 1. Also, when 
b4xU4 = ° 
then the above relations become the rules of 
transformation for a basicylindrical retronorm, see 
Section 1.8 of Ref 1. 
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A Formian scheme for the generation of the 
configuration of the sidebent annular barrel vault of 
Fig 3.4.5 is shown in the editory display of Fig 3.4.7. 
This scheme is generic involving six parameters, 
namely, R, Q, Tl, T2, M and N, as described below: 
• R is the radius of the central curve of the annular 
circum surface of the barrel vault, 
• Q is the radius of a normal cross-section of the 
circumsurface of the barrel vault, 
• T 1 is the central angle containing the barrel vault 
in the first circumferential direction, 
• T2 is the central angle containing the barrel vault 
in the second circumferential direction, 
• M is the frequency of the elements of the barrel 
vault in the first circumferential direction and 
• N is the frequency of the elements of the barrel 
vault in the second circumferential direction. 
(*) Annular barrel vault of Fig 3.4.5 (*) 
R=100; (*) 1st radius (*) 
Q=36; (*) 2nd radius (*) 
Tl=55; (*) 1st central angle (*) 
1'2=75; (*) 2nd central angle (*) 
M=8; (*) 1st circumferential frequency (*) 
N=4; (*) 2nd circumferential frequency (*) 
E=rinic(2,4,M,N +1,1,1) I 
[1,0,1,-N/2; 1,1,1,-N/2]# 
rinic(2 ,4,M+l ,N,1,1) I 
[1,0,1,-N/2; 1,0,1,1-N/2] ; 
F=ba(R,Tl/M,Q, T2/N) IE; 
VAULT=dep(4) IF; 
use &,vm(2),vt(2), 
vh(2 *R,-2*R,4 *R, 0,0,0, 0,0,1); 
clear; draw VAULT; 
<><><> 
Fig 3.4.7 A generic Formian scheme for the 
annular barrel vault of Fig 3.4.5 
The formulations for the formex variables E and F in 
the scheme of Fig 3.4.7 are the generalised versions 
of the formulations for E and F as discussed above. 
However, in the above discussed formulation for the 
formex variable E, the actual values of the radii R 
and Q were included in the formulation. In contrast, 
in the scheme of Fig 3.4.7, the radii Rand Q are 
considered to be equal to unity in the formulation for 
E and they are included as scale factors in the 
basiannular retronorm 
ba(R,Tl/M,Q,T2/N) 
The statement 
VAULT = dep(4) I F; 
in the scheme of Fig 3.4.7 requires some 
explanation. The construct dep( 4) is a 'depansion 
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function'. The effect of this function is to remove the 
fourth uniples of all the signets of its argument. The 
full description of the depansion function is given in 
Section 2.A.13 ofRef2. 
The reason for the inclusion of the depansion 
function dep( 4) in the present example is as follows: 
The formex variable E represents a formex of the 
fourth grade. That is, every signet of E consists of 
four uniples. This is so, because every signet of E 
represents a nodal point of the barrel vault of Fig 
3.4.5 with respect to a four directional normat. The 
formex F is obtained by subjecting E to a 
retronormic transformation through the statement 
F = ba(R,Tl /M ,Q,T2/N) I E; 
F is produced by replacing a typical signet 
[Ul ,U2,U3,U4] 
ofE by 
[x,y,z,U4] 
where, x, y and z are the global coordinates of the 
point that is represented by the normat coordinates 
Ul, U2, U3 and U4. However, in producing F, the 
fourth uniples of the signets are left alone rather than 
being eliminated. This is in keeping with a general 
rule that a retronormic function should not interfere 
with any uniples other than the ones it is replacing. 
In the case of the example under consideration, the 
fourth uniples are removed using the depansion 
function. 
The scheme of Fig 3.4.7 may be used to generate a 
variety of sidebent annular barrel vaults. In 
particular, the barrel vault C of Fig 3.4.1 may be 
generated using the scheme of Fig 3.4.7 with the 
parameter values 
R = 100, Q = 36, Tl = 90, 
T2=70, M = 16 and N = 6 
and with the view helm 
vh(2R,2R,2R, 0,0,0, 0,0,1) 
Also, the sidebent annular barrel vaults of Fig 3.4.8 
are obtained using the scheme of Fig 3.4.7, with the 
parameter values indicated in Fig 3.4.8. A sidebent 
annular barrel vault of the form shown in Fig 3.4.8a 
is referred to as a 'horseshoe barrel vault' and a 
sidebent annular barrel vault of the form shown in 
Fig 3.4.8b is referred to as a 'ring barrel vault' . 
In the case of the ring barrel vault of Fig 3.4.8b, 
there is a problem regarding the overlapping of the 
elements. To elaborate, when the ends of the barrel 
vault meet to make a ring, the elements along the end 
arches will overlap. These elements lie in the x-z 
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plane of the global coordinate system. To remove the 
superfluous overlapping elements, the statement 
VAULT = dep(4) I F; 
in the scheme of Fig 3.4.7 may be replaced by 
VAULT = pex I dep(4) I F; 
where 'pex' is the pexum function. To see the effect 
of the inclusion of the pexum function in the above 
statement, the number of elements in the ring barrel 
vault of Fig 3.4.8b can be obtained twice, once 
without the pexum function and then with the pexum 
function. These numbers will be found to be 1354 
and 1344, respectively. Therefore, 10 elements are 
removed by the pexum function (equal to the value 
of parameter N). The number of elements of the ring 
barrel vault of Fig 3.4.8b will be the same as the 
order of the formex variable VA UL T just after the 
execution of the scheme of Fig 3.4.7 with the 
parameter values corresponding to the barrel vault of 
Fig 3.4.8b. The order of the formex variable VAULT 
can be obtained through the 'variables box', see 
Section 1.5.6 of Ref 1. 
R=lOO m 
Q=80m 
Tl=270° urtEaa:f1 
T2=600 I-H 
M=48 
N=lO 
R=lOO m 
Q=80m 
Tl = 360° !tfliW@ 
T2=600 rJ.. 
M=64 
N=lO 
A ring barrel vault 
Fig 3.4.8 Two further examples of sidebent 
annular barrel vaults 
A Formian scheme for the generation of the 
configuration of the outbent annular barrel vault A of 
Fig 3.4.1 is shown in the editory display of Fig 3.4.9. 
Except for two differences in the formulations, the 
scheme of Fig 3.4.9 is the same as that of Fig 3.4.7. 
The differences are as follows: 
Firstly, there is an added translation function in the 
statement 
F = ba(R,Tl/M,Q,T2/N) I tran(4,90*N/T2) I E; 
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The effect of this translation function is to move the 
barrel vault in the U4 direction of the normat to the 
outside region of the annular circumsurface. This 
will transform the original sidebent barrel vault into 
an outbent barrel vault. The amount of translation, 
that is, 
90*N/T2 
is such that when it is multiplied by the fourth scale 
factor of the basiannular retronorm, that is, T2/N, it 
becomes equal to 90. This will effect a rotation of 
90° in the second circumferential direction. 
(*) Barrel vault A of Fig 3.4.1 (*) 
R=100; (*) 1st radius (*) 
Q=36; (*) 2nd radius (*) 
Tl=90; (*) 1st central angle (*) 
T2 = 70; (*) 2nd central angle (*) 
M=16; (*) 1st circumferential frequency (*) 
N=6; (*) 2nd circumferential frequency (*) 
E=rinic(2,4,M,N+l,1,1) I 
[1,0,1,-N/2; 1,1,1,-N/2]# 
rinic(2,4,M+l,N,1,1) I 
[1,0,1,-N/2; 1,0,1,1-N/2]; 
F=ba(R,Tl/M,Q,T2/N) I tran(4,90*N/T2) IE; 
VAULT=dep(4) IF; 
use &,vm(2),vt(2), 
vh(2*R,2*R,-2*R, 0,0,0, 0,0,1); 
clear; draw VAULT; 
<><><> 
Fig 3.4.9 A generic Formian scheme for 
barrel vault A of Fig 3.4.1 
Perspective 
view 
z y 
((((I! 111111l))H 
Plan 
Elevation 
Fig 3.4.10 Perspective view, plan and elevation 
of barrel vault A of Fig 3 .4.1 
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The second difference between the schemes of Figs 
3.4.7 and 3.4.9 relates to the view helms in the use 
statements, as may be seen by comparing the two 
schemes. 
A perspective view of the barrel vault A of Fig 3.4.1 
is shown in Fig 3.4.10. This is generated by the 
scheme of Fig 3.4.9. Also shown in Fig 3.4.10 are 
the plan view and elevation of the barrel vault. The 
perspective view of the barrel vault is shown 
together with the x-y-z global coordinate system. 
Another two examples of outbent annular barrel 
vaults are shown in Fig 3.4.1l. These configurations 
are obtained using the scheme of Fig 3.4.9 with the 
indicated parameter values. 
R=100 m, Q=120 m, n=90, 
T2=80, M=32, N=18 
vh(4R,4R,-3R, 0 0 0, 0,0,1) 
R=100 m, Q=30 m, T1=120, 
T2=80, M=36, N=8 
vh(2R,4R,-2R, 0 0 0, 0,0,1) 
Fig 3.4.11 Two further examples of outbent 
annular barrel vaults 
A Formian scheme for the generation of the inbent 
barrel vault B of Fig 3.4.1 is shown in the editory 
display of Fig 3.4.12. This scheme is the same as that 
of Fig 3.4.9 except for two minor differences. 
The first difference is in the statement 
F = ba(R,TlIM,Q,T2/N) I tran(4,-90*N/T2) I E; 
To elaborate, the translation function 
tran( 4,-90*N/T2) 
effects the positioning of the barrel vault in the 
'ilmer region' of the annular circumsurface and will 
transform the original side bent barrel vault into an 
inbent barrel vault. In contrast, the corresponding 
translation function in the scheme of Fig 3.4.9, that 
is, 
tran( 4,90*N/T2) 
36 
Formex Configuration Processing III 
positions the barrel vault in the 'outer region' of the 
annular circumsurface. 
The second difference between the schemes in Figs 
3.4.9 and 3.4.12 concerns a change in the sign of a 
term in the view helm. 
(*) Barrel vault B of Fig 3.4.1 (*) 
R=100; (*) 1st radius (*) 
Q=36; (*) 2nd radius (*) 
Tl=90; (*) 1st central angle (*) 
T2=70; (*) 2nd central angle (*) 
M=16; (*) 1st circumferential frequency (*) 
N=6; (*) 2nd circumferential frequency (*) 
E=rinic(2,4,M,N+l,1,1) I 
[1,0,1 ,-N/2; 1,1,1,-N/2j# 
rinic(2,4,M+l,N,1,1) I 
[1,0,1,-N/2; 1,0,1, l-N/2j; 
F=ba(R,Tl/M,Q,T2/N) I tran(4, -90 *N/T2) IE; 
VAULT=dep(4) IF; 
use &,vm(2),vt(2), 
vh(2*R,2*R,2*R, 0,0,0, 0,0,1); 
clear; draw VAULT; 
<><><> 
Fig 3.4.12 A generic Formian scheme for 
barrel vault B of Fig 3.4.1 
z 
y 
x 
Perspective view 
\\ \ \ \ I I I I I 
I 
Plan 
I \ 
/11111 \ \ \ \ \ 
Fig 3.4.13 Perspective view, plan and elevation 
of barrel vault B of Fig 3.4.1 
A perspective view of the inbent barrel vault B of 
Fig 3.4.1 together with the x-y-z global coordinate 
system is shown in Fig 3.4.13. The view is obtained 
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using the scheme of Fig 3.4.12. Also shown in Fig 
3.4.13 are the plan and elevation of the barrel vault. 
All the annular barrel vaults exemplified so far have 
a simple chequered pattern of elements. However, an 
annular barrel vault can have many other patterns. 
Three examples of barrel vaults with different 
patterns of elements are shown in Fig 3.4.14. The 
formex formulations for these barrel vaults are left 
for the reader to carry out as exercise. 
An outbent 
annular barrel 
vault 
A sidebent 
annular 
barrel vault 
An inbent 
Fig 3.4.14 Examples of annular barrel vaults 
The outbent, inbent and sidebent configurations 
constitute three important categories of annular 
forms. However, not every annular form falls into 
these categories. For instance, consider the three 
annular forms labelled A 1, B 1 and C 1 that are shown 
together with their circum surface in Fig 3.4.1S. The 
annular form A 1 is obtained by rotating the outbent 
annular form A of Fig 3.4.2 by 4S0 on the annular 
surface in the indicated direction in Fig 3.4.1S. 
Similarly, the annular forms B1 and Cl in Fig 3.4.1S 
are obtained by rotating the inbent and sidebent 
forms of Fig 3.4.2 on the circumsurface by 30° and 
ISO, respectively, in the directions shown. 
The annular form A 1 is not an outbent form because 
its central curve is not coincident with the outer ridge 
of its circumsurface. For similar reasons, B 1 is not 
an inbent annular form and C 1 is not a sidebent 
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annular form. The annular form A 1 is a cross 
between an outbent form and a sidebent form. Also, 
the annular form B 1 is a cross between an inbent 
form and a sidebent form and so is the form C 1. 
Fig 3.4.15 Displaced barrel vaults of Fig 3.4.2 
3.4.1 Double layer Annular Forms 
An annular form may have more than one layer of 
elements. For example, an inbent double layer 
annular barrel vault is shown in Fig 3.4.16. In this 
figure, the top layer elements of the barrel vault are 
shown by thick lines and the bottom layer elements 
as well as the web elements are shown by thin lines. 
Fig 3.4.16 An inbent double layer annular 
barrel vault 
A formex formulation for the inbent double layer 
barrel vault of Fig 3.4.16 is shown in the Formian 
scheme of Fig 3.4.17. The formulation follows the 
same general approach as used in the scheme of Fig 
3.4.12. However, the scheme of Fig 3.4.17 contains a 
new function, namely, 
lamic(2,4,1,1-~) 
The lamic function is a member of the lambda family 
of functions and is described in Section 2.A.4 (Table 
2.A.3) ofRef2. 
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(*) Double layer barrel vault of Fig 3.4.16 (*) 
R=100; (*) 1st radius (*) 
QT=42; (*) 2nd radius for top layer (*) 
QB=40; (*) 2nd radius for bottom layer (*) 
Tl=90; (*) 1st central angle for top layer (*) 
T2=70; (*) 2nd central angle for top layer (*) 
M=12; (*) frequency of top layer along U2 (*) 
N=6; (*) frequency of top layer along U4 (*) 
TOP=rinic(2,4,M,N + 1,2,2) I 
[l,O,QT,-N; 1,2,QT,-N)# 
rinic(2,4,M + 1,N,2,2) I 
[l,O,QT,-N; 1,0,QT,2-N); 
BOT=rinic(2,4,M-l ,N,2,2) I 
[l ,l,QB,l-N; 1,3,QB,1-N)# 
rinic(2,4,M,N-l,2,2) I 
[l,l,QB,l-N; 1,1,QB,3-N); 
WEB=rinic(2,4,M,N,2,2) Ilamic(2,4, 1, 1-N) I 
[l,O,QT,-N; 1,1,QB,1-N); 
VAULT=dep(4) I ba(R,Tl/(2*M),1,T2/(2*N)) I 
tran(4,-90*2*N/T2) I (TOP#BOT#WEB); 
use &,vm(2),vt(2)' 
vh(4*R,4*R,4*R, 0,0,0, 0,0,1); 
clear; draw VAULT; 
<><><> 
Fig 3.4.17 A generic Formian scheme for the double 
layer annular barrel vault of Fig 3.4.16 
Common 
central -....... .... 
curve 
'. 
z 
Ul(x) 
Fig 3.4.18 A family of annular normat surfaces 
with a common central curve 
In the case of the double layer annular form of Fig 
3.4.16, the configuration has two circumsurfaces, 
with one circumsurface containing all the top layer 
nodes and the other circumsurface containing all the 
bottom layer nodes. The two circumsurfaces have a 
common central curve. To elaborate, an annular 
normat has an infinite number of families of annular 
surfaces with each family corresponding to a value 
of the first normat coordinate Ul. Every such family 
has an infinite number of annular surfaces with a 
common central curve, as shown in Fig 3.4.18. Each 
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of the third normat coordinate U3. Any two of these 
surfaces can assume the roles of the top and bottom 
circumsurfaces for a double layer annular barrel 
vault such as the one shown in Fig 3.4.16. 
3.4.2 Onion Domes 
A perspective view of a dome together with its plan 
and elevation is shown in Fig 3.4.19. This is an 
example of a class of domes that are referred to as 
'onion domes'. The characteristic feature of an onion 
dome is that it has a bulb-shaped body with a pointed 
crown. The onion dome of Fig 3.4.19 consists of576 
line elements that are connected together at 289 
nodes. For clarity, in the perspective view of the 
dome, only the front elements are shown. 
Plan Elevation 
Fig 3.4.19 A perspective view together with plan 
and elevation of an onion dome 
z 
one of these annular surfaces corresponds to a value Fig 3.4.20 An annular normat 
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The configuration of the onion dome of Fig 3.4.19 
may be formulated using an annular normat. To 
elaborate, consider the annular normat shown in Fig 
3.4.20 with its cross-sections in the x-z plane. These 
cross-sections are also shown in Fig 3.4.21a with the 
first radius R being greater than the second radius Q. 
Fig 3.4.21b shows the positions of the cross-sections 
when the first radius R is equal to the second radius 
Q. Also, Fig 3.4.21c illustrates the situation when the 
first radius is less than the second radius. 
Z U3 
Ui(X) 
(a) First radius R is greater than the second radius Q 
Z U3 
Ui(X) 
(b) First radius R is equal to the second radius Q 
Z U3 
I 
R I 
:0 .1 
Ui(X) 
(c) First radius R is less than the second radius Q 
Fig 3.4.21 Relative positions of opposite cross-
sections of an annular normat 
The shape of the normat for the case when R < Q is 
of particular interest in the present context. This is 
so, because the intersected part of the normat 
provides a suitable basis for the formulation of an 
onion dome. The position of an onion dome 
configuration in an annular normat is shown by thick 
lines in Fig 3.4.22. 
In Fig 3.4.22, the angle A sub tends the arc between 
the crown and the base of the dome. This angle is 
referred to as the 'sweep angle' and is given by 
A = arccos (RlQ) + B 
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where B is referred to as the 'base angle'. The base 
angle subtends the arc between the x-y plane and the 
base of the dome. The base angle is a part of the 
initial data that should be specified together with R 
andQ. 
Crown 
of dome-
Base of 
dome -
U3 
Ui 
A is the sweep angle. 
B is the base angle and 
P is the position angle 
Fig 3.4.22 Position of an onion dome configuration 
in an annular normat 
The angle that is denoted by P in Fig 3.4.22 is the 
'position angle'. The position angle sub tends the arc 
between the U3 axis and the position of the crown of 
the dome. This angle is given by 
P = arcsin (RlQ) 
A formex formulation for the onion dome of Fig 
3.4.19 is given in the Formian scheme of Fig 3.4.23 . 
In this formulation 
• [1,1,1,0; 1,0,1,-1] 
represents the element indicated by e III Fig 
3.4.24, 
• lamic(2,4,I,-I) I [1,1,1,0; 1,0,1,-1] 
represents the four elements that are shown by 
thick lines in Fig 3.4.24, 
• rin(2,M,2) I [1,1,1,-2*N; 1,3,1,- 2*N] 
represents the elements of the base ring of the 
dome, 
• the formex variable E represents all the elements 
of the dome relative to the annular normat, 
e the translation function 
tran( 4,- 2*N*P/ A) 
effects the correct positioning of the 
configuration with respect to the crown of the 
dome, 
• the amount of translation 
- 2*N*P/A 
is such that when multiplied by the fourth scale 
factor in the basiannular retronorm 
ba(R,360/(2*M),Q,A/(2*N» 
it becomes equal to - P effecting the correct 
positioning of the elements with respect to the 
crown of the dome, 
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• the formex variable G represents the 
configuration of the dome relative to the global 
x-y-z coordinate system and 
• the dilatation function 
dil(3 ,V) 
allows the proportions of the dome to be 
adjusted by a scale factor V in the vertical 
direction (z direction). 
(*) Onion dome of Fig 3.4.19 (*) 
R=10; (*) 1st radius (*) 
Q=50; (*) 2nd radius (*) 
B=40; (*) base angle (*) 
M=24; (*) number of rhombi along U2 (*) 
N=6; (*) number of rhombi along U4 (*) 
V=l ; (*) vertical scale factor (*) 
A=acos I (RlQj+B; (*) sweep angle (*) 
P=asin I (RlQj; (*) position angle (*) 
E=rinic(2,4,M,N,2,-2) Ilamic(2 ,4, 1,-1) I 
[1 ,1,1,0; 1,0,1 ,-1)#rin(2,M,2) I 
[1,1 ,1,-2*N; 1,3,1 ,-2*N); 
F=tran(4,-2*N*P/A) IE; 
G=pex I dep( 4) I ba(R,360/(2 *M),Q,N(2 *N)) IF; 
DOME=dil(3,V) I G; 
use &,vm(2),vt(2),vh(0,-3*Q,Q, 0,0,0, 0,0,1); 
clear; draw DOME; 
<><><> 
Fig 3.4.23 A generic Formian scheme for the 
onion dome of Fig 3.4.19 
-~ 
. U4 
U2 
Fig 3.4.24 Normat arrangement for the formulation 
of the onion dome of Fig 3.4.19 
The inclusion of the pex function (pexum function) 
in the formulation of the formex variable G is for the 
removal of superfluous overlapping elements. To 
elaborate, all the nodes along the dotted curve in Fig 
3.4.24 will become coincident at the crown of the 
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dome. As a result, every pair of elements such as the 
pair indicated by asterisks in Fig 3.4.24 will become 
coincident. Therefore, the 2M elements at the centre 
will become M pairs of coincident elements. The 
pexum function will then effect the removal of the M 
superfluous elements. 
The functions employed in the scheme of Fig 3.4.23 
have all been used in the formulations in Sections 
3.4 and 3.4.1, except for 
• acos and asin functions (arccos and arcsin 
functions) that are described in Section 1.5 .3 of 
Ref 1 and 
• dilatation function dil(3,V) that is described in 
Section 2.A.3 (Table 2.A.l) of Ref2. 
V=1.5 V=0.8 
Fig 3.4.25 Effects of vertical scaling on the onion 
dome of Fig 3.4.19 
The effect of the dilatation function 
dil(3,V) 
on the shape of the onion dome of Fig 3.4.19 is 
illustrated in Fig 3.4.25. The figure shows the 
elevations of three onion domes that are obtained by 
vertical scaling of the dome of Fig 3.4.19. The scale 
factors used are 1.5, 0.8 and 0.5. 
The effects of the variation of the ratio RlQ on the 
shape of the onion dome of Fig 3.4.19 is illustrated 
in Fig 3.4.26. The figure shows the elevations of six 
onion domes. All the particulars of these domes are 
identical to those of the dome of Fig 3.4.19 except 
for the radius R that varies from 5 m to 30 m in steps 
of 5 m. The dome corresponding to R=10 m is the 
dome of Fig 3.4.19 which is included in Fig 3.4.26 
for comparison. It should be mentioned that the 
domes of Fig 3.4.26 cannot be obtained from each 
other by scaling. The variations in the shapes are too 
subtle to be representable by simple scaling. 
The onion domes exemplified so far have a simple 
lamella pattern of elements. However, all the usual 
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patterns of elements for spherical domes may also be 
used for an onion dome. Four such patterns are 
shown in Fig 3.4.27. 
R=5 m (RlQ=O.l) 
R=10 m (RlQ=O.2) 
R=15 m (RlQ=O.3) 
R=30m 
(RlQ=O.6) 
R=25m 
(RlQ=O.5) 
R=20m 
(RlQ=O.4) 
Fig 3.4.26 Effects of the variations of the first radius 
on the onion dome of Fig 3.4.19 
The terms 'ribbed', 'Schwedler' and 'lamella' used 
in relation to the domes in Fig 3.4.27 are described 
for spherical domes in Section 1.9 of Ref 1. 
Like spherical domes, onion domes may have the 
problem of 'element crowding' near the crown. This 
problem may be avoided by 'trimming', as explained 
in Section 1.9 of Ref 1. Two examples of 'trimmed' 
onion domes are shown in Fig 3.4.28. The formex 
formulations for the dome configurations in Figs 
3.4.27 and 3.4.28 are left for the reader to carry out 
as exercise. 
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Ribbed onion dome Schwedler onion dome 
Schwedler onion dome Lamella onion dome 
Fig 3.4.27 Onion domes with different patterns 
of elements 
Fig 3.4.28 Examples of trimmed onion domes 
3.5 COMPOUND FORMS 
Consider the configuration shown in Fig 3.5.1, 
which is obtained by putting together three identical 
outbent annular barrel vaults. This is an example of a 
'compound form'. In the context of structural forms, 
the term 'compound form' is used to refer to a 
configuration that consists of a combination of two 
or more configurations each of which is a structural 
form in its own right. 
A number of compound forms have been considered 
in the discourse so far and a few more will be 
discussed in this section. The compound forms 
considered so far include the compound (cylindrical) 
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barrel vaults in Section 1.8 of Ref 1 and the 
compound (segmental) saddle barrel vault in Section 
3.2.2 of the present paper. The configuration of Fig 
3.5.1 is another example of a compound barrel vault. 
Fig 3.5.1 A combination of three outbent 
annular barrel vaults 
There is a wide range of possible compound forms 
and there are many existing space structures whose 
configurations are based on various types of 
compound forms. 
There are two basic considerations in creating a 
compound form. Firstly, the shapes of the parts that 
are intended to constitute the compound form must 
be such that they can fit together. Secondly, one has 
to work out how the constituent parts are to be 
placed in the correct positions for obtaining the 
compound form. 
(*) Compound barrel vault of Fig 3.5.1 (*) 
R=120; (*) 1st radius (*) 
Q=30; (*) 2nd radius (*) 
Tl=40; (*) 1st central angle (*) 
T2=90; (*) 2nd central angle (*) 
M=6; (*) number of crosses along U2 (*) 
N=6; (*) number of crosses along U4 (*) 
E=rinic(2 ,4,M + 1,N,2,2) I 
[l,O,l,-N; 1,0,1,2-N)# 
rinic(2,4,M,N,2,2)Ilamic(2,4,1,1-N)I 
[l,O,l,-N; 1,1 ,1,1-N)# 
rinic(2,4,M,N+1,2,2) I [l,O,l ,-N; 1,2,1,-N); 
F=dep(4) Iba(R,Tl/(2*M),Q T2/(2*N)) I 
tran(4,90*2*N/T2) IE; 
COMBA=pex Irin(3,3,2*Q*sin I (T2/2)) IF; 
use &,vm(2),vt(2), 
vh(5*R,-3*R,-R, 0,0,0, 1,1,0); 
clear; draw COMBA; 
<><><> 
Fig 3.5.2 A generic Formian scheme for the 
compound barrel vault of Fig 3.5.1 
In the case of the compound barrel vault of Fig 3.5.1, 
the constituent barrel vaults can fit together due to 
their particular annular shape. To be specific, the 
side boundaries of each barrel vault are symmetric 
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with respect to the longitudinal central plane of the 
barrel vault. Furthermore, each of these boundaries 
lies in a plane and the planes containing the side 
boundaries are parallel with each other. 
A formex formulation for the compound barrel vault 
of Fig 3.5.1 is given in the Formian scheme of Fig 
3.5.2. In this scheme, the approach in the 
formulation is the same as that discussed for the 
outbent annular barrel vault A of Fig 3.4.1, as given 
in the scheme of Fig 3.4.9 in Section 3.4. The 
statement 
COMB A = pex I rin(3 ,3,2*Q*sin I (T2/2)) I F; 
in the scheme of Fig 3.5.2 creates the compound 
barrel vault. In this statement 
• F is the formex variable representing the right-
hand barrel vault of Fig 3.5.1 , 
• the rindle function 
rin(3,3,2*Q*sin I (T2/2)) 
generates three replications of the barrel vault 
that is represented by F, 
• the amount of translation in the U3 direction (z 
direction), that is, 
2*Q*sin I (T2/2) 
is equal to the front span of a barrel vault, as 
shown in Fig 3.5 .3, and 
• the pex function (pexum function) has the effect 
of removing the superfluous overlapping 
elements along the valleys where the barrel 
vaults meet. 
Q T2/2 
z direction 
'" 
x 
Fig 3.5.3 A view of the cross-section of the annular 
circumsurface of the barrel vault that is 
represented by F in the scheme of Fig 3.5.2 
The scheme of Fig 3.5 .2 may be used to generate a 
variety of compound outbent annular barrel vaults by 
assigning different values to the parameters R, Q, 
Tl, T2, M and N. Also, a slight modification of the 
scheme of Fig 3.5.2 will allow the generation of 
International Journal of Space Structures Vol. 17 No.1 2002 
Hoshyar Nooshin and Peter Disney 
compound barrel vaults that consist of inbent annular 
barrel vaults. The modification involves changing 
the translation function 
tran( 4,90*2 *N/T2) 
to 
tran(4,-90*2*N/T2) 
With this modification, the scheme of Fig 3.5.2 will 
generate the compound inbent barrel vault shown in 
Fig 3.5.4. 
Fig 3.5.4 A compound barrel vault consisting of 
three inbent annular barrel vaults 
Examples of a particular type of compound dome 
have been considered in some parts of the discourse. 
These are 'ovate domes' that have been discussed in 
Section 1.9 of Ref 1, Section 2.5 of Ref 2 and 
Section 3.3.1 of the present paper. An ovate dome 
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consists of a combination of two semi-domes that are 
scaled differently in a horizontal direction. 
Fig 3.5.6 The bubble and the skirt of the compound 
dome of Fig 3.5.5 shown apart 
(*) Bubble dome of Fig 3.5.5 (*) 
R=45 ; (*) radius of circumsphere (*) 
M=8; (*) frequency of the dome (*) 
S=6; (*) number of sectors (*) 
A=36; (*) sweep angle (*) 
N=4; (*) frequency of the bubble (*) 
VS=l; (*) vertical scale factor for skirt (*) 
VB=3; (*) vertical scale factor for bubble (*) 
H=R*cos I (N* NM); (*) height of the base 
of the bubble (*) 
Hl=1.001 *H; (*) separation level (*) 
E=genit(l,M,l,l,O,l) I {[1,0,0; 1,0,1], 
[1,0,0; 1,1,1]' [1 ,0,1; 1,1,1j}; 
F=bd(R,360/S,NM) IE; 
D=pex I rosad(0,0,S,360/S) IF; 
SKIRT=tran(3,(1-VS)*H) I dil(3,VS) I 
rel(U(1,3)<Hl) ID; 
BUBBLE=tran(3,(1-VB)*H) I dil(3,VB) I 
rel(U(1,3»Hl) ID; 
BUD = SKIRT#BUBBLE; 
use &,vm(2),vt(2), 
vh(3*R,0,4*R, 0,0,0, 0,0,1); 
clear; draw BUD; 
<><><> 
Fig 3.5.7 A generic Formian scheme for the 
bubble dome of Fig 3.5.5 
A different kind of compound dome is shown in Fig 
3.5.5. This compound dome consists of a 
combination of two domes that are scaled differently 
in the vertical direction. A compound dome of this 
type is referred to as a 'bubble dome', with the 
central dome being referred to as the 'bubble' and 
the peripheral dome being referred to as the 'skirt'. 
The bubble and the skirt of the compound dome of 
Fig 3.5.5 are shown apart in Fig 3.5.6. 
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A Fonnian scheme for the generation of the 
configuration of the bubble dome of Fig 3.5.5 is 
shown in the editory display of Fig 3.5.7. In this 
scheme, to begin with, a fonnulation is given for a 
diamatic dome, as follows: 
E = genit(I ,M,I,I,O,I) I {[1,0,0; 1,0,1], 
[1 ,0,0; 1,1 ,1], [1 ,0,1; 1,1,1]} ; 
F = bd(R,360/S,A/M) I E; 
D=pex I rosad(0,0,S,360/S) I F; 
This fonnulation is the same as that discussed III 
relation to the dome of Fig 2.5 .1 and shown in the 
scheme of Fig 2.5.8 in Ref 2. Details relating to a 
cross-section of the diamatic dome that is 
represented by the fonnex variable D in the scheme 
of Fig 3.5.7 are shown in Fig 3.5.8 . 
'. 
H=Rcos NA 
. M 
R is the circumradius of the 
dome that is represented by 
D in the scheme of Fig 3.5.7 
·· .. A is the sweep angle 
M is the number of 
meridional divisions 
along one side of the 
dome 
N is the number of 
meridional divisions 
along one side of the 
bubble 
. . . .... H is the height of the 
. . ' base of the bubble 
Fig 3.5.8 Details relating to a cross-section of the 
dome that is represented by the formex 
variable D in the scheme of Fig 3.5.7 
The fonnex variables representing the skirt and the 
bubble of the compound dome of Fig 3.5.5 are both 
derived from the fonnex variable D in the scheme of 
Fig 3.5.7. The skirt is represented by 
SKIRT = tran(3,(1-VS)*H) I dil(3,VS) I 
rel(U(I,3) < HI) I D; 
The effects of different parts of this fonnulation are 
as follows: 
• The construct 
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rel(U(1,3) < HI) I D 
represents all the cantles of D in which the third 
uniples of the first signets are less than HI. This 
will represent all the elements that constitute the 
skirt. The 'separation level' HI is chosen to be 
slightly higher than the base of the bubble. This 
will allow a clear distinction between the 
elements that constitute the skirt and those that 
constitute the bubble. 
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• The construct 
rel(U(1 ,3) < HI) 
is a 'relection function ' which is described in 
Section 2.A.IO ofRef2. 
• The effect of the dilatation function 
dil(3,VS) 
is to scale the skirt in the vertical direction using 
the scale factor VS and 
• The effect of the translation function 
tran(3,(1-VS)*H) 
is to adjust the vertical position of the skirt such 
that its top ring is moved back to the level H 
after scaling. 
In the scheme of Fig 3.5.7, the bubble of the 
compound dome of Fig 3.5.5 is represented by 
BUBBLE = tran(3 ,(1 - VB)*H) I dil(3,VB) I 
rel(U(1 ,3) > HI) I D; 
The effects of different parts of this fonnulation are 
similar to those discussed above in relation to the 
skirt. The whole configuration of the bubble dome of 
Fig 3.5 .5 is represented by 
BUD = SKIRT # BUBBLE; 
M=7 
N=3 
VS=1.2 
VB= 3. 5 
Fig 3.5.9 Examples of diamatic bubble domes 
generated by the scheme of Fig 3.5.7 
The scheme of Fig 3.5.7 may be used to generate a 
variety of different diamatic bubble domes. Two 
such examples are shown in Fig 3.5.9 together with 
the corresponding parameter values. 
The approach for the generation of diamatic bubble 
domes, as discussed above, may also be used in 
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relation to many other types of domes. For example, 
the configuration shown in Fig 3.5.10 is a bubble 
dome that is based on the trimmed Schwedler dome 
of Fig 1.9.9 of Ref 1. 
Fig 3.5.10 A further example of a bubble dome 
As the next example, consider the compound form 
shown in Fig 3.5.11. This configuration consists of a 
cylindrical tower and a diamatic dome, where, for 
clarity, only the elements of the front half of the 
tower are shown. A compound form of this kind is 
referred to as a 'tower dome'. The tower and the 
dome of the compound form of Fig 3.5.11 are shown 
apart in Fig 3.5.12. 
Fig 3.5.11 A compound form consisting of a 
cylindrical tower and a diamatic dome 
A generic Formian scheme for the tower dome of Fig 
3.5.11 is shown in the editory display of Fig 3.5.13. 
In this scheme, the formex variable D represents a 
diamatic dome. The formulation for this dome is the 
same as that given in the scheme of Fig 3.5.7. The 
position, relative to the x-y-z global coordinate 
system, of the diamatic dome that is represented by 
D in the scheme of Fig 3.5.13 is shown in Fig 3.5.14. 
The formex variable TOWER in the scheme of Fig 
3.5.13 represents the cylindrical tower in Fig 3.5.11. 
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The formulation is similar to that for the tower of Fig 
2.3.1 as given in the scheme of Fig 2.3.3 in Ref2. 
Fig 3.5.12 The tower and the dome of the compound 
form of Fig 3.5.11 shown apart 
(*) Tower dome of Fig 3.5.11 (*) 
R=45; (*) circumradius of the dome (*) 
M=6; (*) frequency of the dome (*) 
S=5; (*) number of sectors of the dome (*) 
A=40; (*) sweep angle of the dome (*) 
H=32; (*) height of the tower (*) 
N=2; (*) frequency of the rhombi along 
the height of the tower (*) 
E=genit(l,M,l,l,O,l) I 
{[1,0,0; 1,0,1], [1,0,0; 1,1,1], [1,0,1; 1,1,1]}; 
D=pex I rosad(0,0,S,360/S) I bd(R,360/S,NM) IE; 
DOME=tran(3,H-R*cosIA) ID; 
F=rinit(S*M,N,2,2) I (lamit(O,l) I [1,0,0; 1,-1,1]# 
([1,-1,1; 1,1,1]' [1,0,0; 1,2,0]}); 
TOWER= bc(R * sin I A,360/(2 * S *M),H/(2 *N)) IF; 
TOWD=DOME#TOWER; 
use &,vm(2),vt(2),vh(0,8*R,8*R, 0,0,0, 0,0,1); 
clear; draw TOWD; 
<><><> 
Fig 3.5.13 A generic Formian scheme for the 
tower dome of Fig 3.5.11 
In the scheme of Fig 3.5.13, the formex variable 
TOWER is given by 
TOWER = bc(R*sin I A,360/(2*S*M),H/(2*N)) I F; 
In this statement, the first canonic parameter of the 
basicylindrical retronorm, namely, 
45 
R*sin I A 
is the circumradius of the tower, where R is the 
circumradius of the dome and A is the sweep angle. 
The value used for the circumradius of the tower 
(that is, R sin A) will make the diameter of the tower 
equal to the span of the dome, as may be seen from 
Fig 3.5.14. 
The second canonic parameter of the above 
basi cylindrical retronorm, namely, 
360/(2*S*M) 
determines the angle sub tended by each 
circumferential division around the tower, where S is 
the number of the sectors of the dome and M is the 
frequency of subdivisions in each sector of the dome. 
There are SxM equally spaced nodes on the top ring 
of the tower and these will match the nodes on the 
bottom ring of the dome. 
The third canonic parameter of the above 
basicylindrical retronorm, namely, 
H/(2*N) 
determines the size of the divisions along the height 
of the tower. 
Position of the dome that is represented by the 
formex variable D in the scheme of Fig 3.5.13 
~ z 
x I. RsinA .I 
R is the circumradius 
of the dome 
(RsinA) is the circumradius 
of the tower 
H 
Fig 3.5.14 Details relating to the compound form 
of Fig 3.5.11 
In the scheme of Fig 3.5.13, the correct position of 
the dome for the creation of the compound form of 
Fig 3.5.11 is attained through the statement 
DOME = tran(3,H-R*cos I A) I D; 
The effect of this statement is to adjust the vertical 
position of the dome such that it sits on the top of the 
tower. The required amount of vertical translation is 
H- R*cos I A 
where, H is the height of the tower, see Fig 3.5.14. 
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As the last example in this section, consider the 
compound form shown in Fig 3.5.15. This 
compound form consists of a cylindrical barrel vault 
and two diamatic semi-domes. A compound form of 
this kind is referred to as a 'barrel dome'. The barrel 
vault and the semi-domes that constitute the barrel 
dome of Fig 3.5.15 are shown apart in Fig 3.5.16. 
Perspective view 
Side view 
Fig 3.5.15 A perspective view together with a side 
view and plan of a compound form consisting 
of a cylindrical barrel vault and two diamatic 
semi-domes 
Fig 3.5.16 The barrel vault and the semi-domes of 
the barrel dome of Fig 3.5.15 shown apart 
A Formian scheme for the generation of the 
configuration of the barrel dome of Fig 3.5.15 is 
shown in Fig 3.5.17. In this scheme, to begin with, 
the configuration of the barrel vault is represented by 
the formex variable B. The formulation for B is 
carried out in a manner similar to that discussed for 
the barrel vault of Fig 1.8.1 in Section 1.8 of Ref 1. 
Also, one of the diamatic semi-domes is represented 
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by the fonnex variable D. The fonnulation for this 
semi-dome follows the same approach as used in the 
schemes of Fig 3.5.7 and 3.5.13. The combination of 
the semi-domes is represented by the fonnex 
variable DOMES. 
To ensure that the configurations of the barrel vault 
and the semi-domes can fit together, the same 
circumradius R, the same sweep angle A and the 
same number of subdivisions are used for the barrel 
vault and the semi-domes. 
(*) Barrel dome of Fig 3.5.15 (*) 
R=25; (*) circumradius of the barrel vault 
and the domes (*) 
M=6; (*) frequency in each sector of the 
domes as well as the frequency in 
the circumferential direction for 
one side of the barrel vault (*) 
S=3; (*) number of sectors of each dome (*) 
A=60; (*) sweep angle ofthe barrel vault and 
the domes (*) 
L=32; (*) length of the barrel vault (*) 
N = 8; (*) frequency along the length of the 
barrel vault: N MUST BE EVEN (*) 
E=rinit(2*M+l,N,1,1) I [1,0,0; 1,0,1]# 
rinit(2*M,N-l,1,1) I [1,0,1; 1,1,1]# 
lamit(M,N/2) I rinit(M,N/2,1, 1) I [1,1,0; 1,0,1]; 
B=verad(0,0,90-A) I bc(R,A/M,L/N) IE; 
F=bd(R,180/S,A/M) Igenit(l,M,l,l,O,l) I 
{[1,0,0; 1,0,1]' [1,0,0; 1,1,1], [1,0,1; 1,1,1J}; 
D=pex I rosad(O,O,S, 180/S) IF; 
DOMES=lam(2,-U2) I D; 
BARREL=verat(O,O) I B; 
BARD = BARREL#DOMES; 
use &,vm(2J,vt(2),vh(4*R,0,8*R, 0,0,0, 0,0,1); 
clear; draw BARD; 
<><><> 
Fig 3.5.17 A generic Formian scheme for the 
barrel dome of Fig 3.5.15 
x vault 
Fig 3.5.18 A view of the semi-domes and the barrel 
vault represented, respectively, by the formex vari-
ables DOMES and B in the scheme of Fig 3.5.17 
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M=8, A=65, L=6, N=2 
vh(2R,0,8R, 0,0,0, 0,0,1) 
M=7, A=50, L=18, N=6 
vh(4R,0,8R, 0,0,0, 0,0,1) 
M=6, A=40, L=30, N=10 
vh(5R,0,8R, 0,0,0, 0,0,1) 
Fig 3.5.19 Further examples of barrel domes gene-
rated using the scheme of Fig 3.5.17 with the 
indicated parameter values and with different 
formulations for the formex variable E 
The steps in the fonnulation that will bring the 
pieces together are represented by the statements 
BARREL = verat(O,O) I B; 
BARD = BARREL#DOMES; 
The role of the verat function may be explained as 
follows: The fonnex variable B represents the 
configuration of the barrel vault. However, the barrel 
vault, as represented by B, is not in the correct 
position for creation of the compound fonn of Fig 
3.5.15. The positions of the semi-domes and the 
barrel vault (as represented by B) are shown in Fig 
3.5.18. The longitudinal axis of the barrel vault (as 
represented by B) is parallel to the z-axis and, 
therefore, the barrel vault is seen as an arc in Fig 
3.5.18. What is needed is a rotation of the barrel 
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vault by 90° in the y-z plane about the x-axis. This 
rotation is effected by the vertition function 
verat(O,O) 
(See Section 2.A.5 ofRef2). 
The scheme of Fig 3.5.17 may be used to generate a 
variety of barrel domes. Three such examples are 
shown in Fig 3.5.19, where, in addition to different 
values for the parameters, different formulations for 
the formex variable E are employed to obtain 
different patterns of elements for the barrel vault. 
Also shown in Fig 3.5.19 are the view helms for 
obtaining the given perspective views. The 
formulations for the formex variable E to obtain the 
barrel domes of Fig 3.5.19 are left for the reader to 
carry out as exercise. 
3.6 PARAGENIC FORMS 
Consider the configuration shown in Fig 3.6.1. This 
is a cylindrical barrel vault similar to the barrel vault 
of Fig 1.8.1 discussed in Section 1.8 of Ref 1. 
Fig 3.6.1 A cylindrical barrel vault consisting of 
511 line elements 
A formex formulation for the barrel vault of Fig 
3.6.1 is given in the Formian scheme of Fig 3.6.2. 
The formulation is similar to that shown in the 
scheme of Fig 1.8.7 in Section 1.8 of Ref 1. The 
barrel vault of Fig 3.6.1 consists of 511 line elements 
and is represented by the formex variable B in the 
scheme of Fig 3.6.2. 
Now, consider the configuration shown in Fig 3.6.3. 
This configuration is represented by 
PI = bc(1,7.5,1) I B 
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which is equivalent to 
PI = bc(1,7.5,1) I verad(0,0,90-A) I 
bc(R,2A1M,LIN) I E 
where R, A, L, M and N are parameters and E is a 
formex variable as shown in the scheme of Fig 3.6.2. 
(*) Barrel vault of Fig 3.6.1 (*) 
R=30; (*) circurnradius of barrel vault (*) 
A=42; (*) sweep angle of barrel vault (*) 
L=64; (*) length of barrel vault (*) 
M=16; (*) circumferential frequency (*) 
N=15; (*) longitudinal frequency (*) 
E=rinit(M,N+l,l,l) I [1,0,0; 1,1,0]# 
rinit(M+l,N,l,l) I [1,0,0; 1,0,1]; 
B =verad(0,0,90-A) I bc(R,2 * NM,L/N) IE; 
use &,vm(2),vt(2),vh(R/2,3*R,-2*R, O,O,R, O,l,R); 
clear; draw B; 
<><><> 
Fig 3.6.2 A Formian scheme for the 
barrel vault of Fig 3.6.1 
Fig 3.6.3 An example of a paragenic form 
The composite function that is used for obtaining the 
configuration of Fig 3.6.3, namely, 
bc(1,7.5,1) I verad(0,0,90-A) I bc(R,2A/M,LIN) 
has an unusual feature. To be specific, the composite 
function, which may for brevity be written as 
bc2 I verad I bc 1 
involves two basi cylindrical retronorms. In general, 
there is nothing unusual about having two or more 
functions of the same type in a composite function. 
However, the involvement of two retronormic 
functions in a composite function is rather unusual. 
To elaborate, the role of the retronormic function bcl 
is to transform the cylindrical normat coordinates of 
E into global x-y-z Cartesian coordinates, see 
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Section 1.8 of Ref 1 and Section 2.A.11 of Ref 2. 
But, with bc 1 having perfonned the transfonnation, 
what would be the role of the retrononnic function 
bc2 in the above composite function? It is as though 
the configuration represented by 
verad I bcl IE 
is assumed to be relative to a cylindrical nonnat and 
the nonnat coordinates are being transfonned into 
global coordinates again! That is, the composite 
function 
bc2 I verad I bc 1 
transforms the nonnat coordinates of E into global 
coordinates twice! However, whatever the 
interpretation, it turns out that repeated application 
of curvilinear retrononnic functions provides a 
mechanism for creation of a variety of useful shapes 
and fonns. 
A composite function that contains two or more 
curvilinear retrononnic functions is referred to as a 
'paragenic function' or 'paragenic transfonnation'. 
The composite function used for the generation of 
the configuration of Fig 3.6.3 is an example of a 
paragenic transfonnation, but there is a wide range 
of other possibilities for combinations of curvilinear 
retrononns such as cylindrical, spherical, hyperbolic 
paraboloidal, hyperboloidal and annular retrononns. 
A configuration that is obtained through a paragenic 
transfonnation is referred to as a 'paragenic fonn' or 
'paragenic configuration'. Also, the circum surface of 
a paragenic fonn is referred to as a 'paragenic 
surface'. 
There is a great variety of possible paragenic fonns 
some of which have interesting and useful 
characteristics. For instance, consider the paragenic 
fonn a view of which is shown in Fig 3.6.4. This 
configuration is represented by 
P2 = bc(1,l,l) I veras(0,0,-90) I B 
That is, 
P2 = bc(1,l,I) I veras(0,0,-90) I 
verad(0,0,90-A) I bc(R,2AIM,L/N) I E 
The paragenic fonn of Fig 3.6.4 is a pouch-like 
barrel vault with one gable end being arched and the 
other gable end being a straight line (along the z-
axis). This is an interesting fonn and may be useful 
for some lattice and shell structures. 
The above paragenic transfonnation is similar to the 
one used for the generation of the configuration of 
Fig 3.6.3, except for the added vertition function 
veras(0,0,-90) 
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The effect of this function is to rotate the barrel vault 
(of Fig 3.6.1) about the y-axis by 900 such that the x-
axis becomes the longitudinal axis of the barrel 
vault. The view helm for obtaining the perspective 
view of Fig 3.6.4 is 
vh( 4R,5R,0, 0,0,0, 0, 1 ,0) 
Fig 3.6.4 Another example of a paragenic form 
As another example consider the paragenic fonn 
shown in Fig 3.6.5. This is represented by 
P3 = bs(l,4,- l) I tran(1,3RJ2) I 
verad(0,0,90- A) I bc(R,2AIM,L/N) I E 
In this case, the paragenic transfonnation involves a 
basicylindrical as well as a basispherical retrononn, 
see Section 1.9 of Ref 1 and Section 2.A.1I of Ref 2. 
The paragenic fonn of Fig 3.6.5 has a straight line 
boundary along the z-axis and a curved body as 
shown. The view helm for obtaining the perspective 
view of Fig 3.6.5 is 
vh(6R,2R,6R, 0,0,0, 1,0,0) 
y 
Fig 3.6.5 A paragenic form obtained through a 
paragenic transformation involving a 
combination of basicylindrical and 
basispherical retronorms 
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As the last example in this section, consider the 
configuration shown in Fig 3.6.6. This is a paragenic 
form that is represented by 
P4 = bhp(1,I,I,O.OI) I verad(0,0,-45) I 
tran(2,Ll2) I verat(O,O) I bc(l,7.5,1) I 
verad(0,0,90-A) I bc(R,2AIM,LIN) I E 
The above paragenic transformation involves two 
basi cylindrical retronorms as well as a basi-
hyperbolic paraboloidal retronorm, see Section 3.2 
of the present paper. The paragenic form of Fig 3.6.6 
is similar to that of Fig 3.6.3 with an added 
hyperbolic paraboloidal twist. The view helm for 
obtaining the perspective view of Fig 3.6.6 is 
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vh(4R,3R,4R, 0,0,0, 0,0,1) 
Fig 3.6 .6 A paragenic form obtained through a 
paragenic transformation involving two 
basicylindrical retronorms and a basi-
hyperbolic paraboloidal retronorm 
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The effects of various parts of the above paragenic 
transformation are left to be worked out by the 
reader as exercise. 
The world of paragenic forms contains many classes 
of useful configurations. However, this area remains 
mainly unexplored so far, with the only recorded 
serious work in the field being Chapter 4 of Ref 3. 
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